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CHAPTER ONE

Introduction

This book contains four loosely connected main themes,
which are developed, one by one, in Chapters 3, 4, 5 and 6,

1. Chapter 3 draws together various lines of argument
to suggest that, in general mathematical models of muiti-
species communities, increasing complexity tends to beget
diminished stability. In pursuit of this generalization, we
consider the stability character, first, of a particular class
of multispecies predator-prey models (being rather dis-
missive of certain recent models with very special symmetry
properties); second, ol large, complex ecosystem models
in which the trophic web links are assembled at random:;
and, third, of models in which we know only the topologi-
cal structure of the trophic web, that is, only the signs of
the interactions between the various species. (This third
kind ot approach 1s conventionally called “qualitative sta-
bility theory.”) A miscellany of other arguments are also
touched upon. Roughly speaking, we here take complexity
to be measured by the number and nature of the individual
links in the food web, and stability by the tendency for
population perturbations to damp out, returning the sys-
tem to some persistent configuration.

These results caution against any simple beletf that tn-
creasing population stability is an automatic matheme': -/
consequence of increasing multispecies complexity. That
stability may usually go with complexity in the natural
world, but not usually in general mathematical models.
is not really paradoxical. In nature we deal not with ar-
bitrary complex systems, but rather with ones selected by a
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INTRODUCTION
| intricate process. The emergent moral is that
In - | |
Jqiould not try to prove any gencral the-

. ohee stability,” but instead shou
complexity imphes sldhi!l[}, . ld
e very special sorts of complexity,

which may promote such mathe-

rhm}rttit‘al work

orem that '
focus on elucidating th

the Jar strategies,

ieal spabiliey.
v atvpical stability . -

rween sability In any one trophic level by itselt and ste}-
bility of the total trophic web‘, ;:mc? show 'hnw a slynthes]g
mayl he achieved among the diversity of views "whlch. have
bcen fxprfsstd on this subject. Also, from the Fllscussmn of

. yive stability theory, it emerges that while predator-

bonds in the food web tend to have a stabilizing in-
tends to be destabilizing.

In passing.

prey |
Huence, 5}'111himis or mutualism
This suggests that stability considerations may play a part

in explaining why symbiutic links between species are

' vely uncommon I many natural ecosystems.

2 (Jh;‘lpler 4 deals with some nteresting lcatures of
more detailed and realistic models for the dynamics of
populations 1 communities with one, two, or three species.

A full nonlinear analysis of these models can yield stable
it cycle solutions, in which the populations oscillate up
and down in a stable periodic manner, between maxima
and minima determined wholly by the intrinsic parameters
of the model. It is shown that essentially all 1 predator-1
prev madels in the literature admit naturally of « range of
stable ltmit cvcle solutions. particularly in cases where self-
limitation efects i the prey birth rates are relatively weak.
On another tack, single species models Imcorporating a
stabtlizing - y-dependent feedback term, with a time-
C - .hibit stable limit cycle behavior if the time-
delay is 100 long. The time-delayed logistic model first
studied by Hutchinson (1948) provides the standard ex-
ample. These limit cvcle ideas are developed with reference
to such varied natural phf:nmnena as the Hudson Bay

4



INTRODUCTION

lynx and hare (Figure 4.4) and Nicholson's (1954) blow-
flies, which latter example is studied in some detajl.

The role played by time-delays in the COMMUnIty inter-
actions s further pursued, bearing in mind the engineer's
axiom that, iIf a potentially siabilizing feedback loop 15 ap-
plicd with a time lag thatis long compared with the natural
time scale of the system, it will in fact act as a destabilizing
element. This idea is develaped for vegetation-herhivore
and vegetation-herbivore-carnivore systems in which the
stabihzing resource-limitation effect operates on the herbi-
vore population with a time lag. Under certain conditions,
which are commonly met in nature, the vegetation-herhi-
vore-carnivore system is stable (with populauon Huctuations
being damped out}. while the vegetation-herbivore system
with no predators i1s unstable. This model. which can be
supported with some observational data, suggests inter
alia that herbivore populiauon numbers may ofien be set
neither by predators alone nor by vegetation alone, but by
an explicit interplay between both effects.

3. Chapter 5 treats the relation between the dynamics of
population models in which all the environmental param-
eters are strictly deterministic and the corresponding,
more realistic models with random environmental fuctua-
tions. On this basis we discuss the connection between the
deterministic, mechanical unsage of the term “stabiuy”
(delined as the propensity, following a perturbaton. to
return to the deterministic equilibrium point), and that
usage which associates stubility or instubility with the de-
gree ol population fluciuation in a stochastic environment.

Although such random variations in the environment
can introduce qualitatively new features into the model, &
can often be that the main results of the deterministic
analysis survive in these more realstic models, This sup-
plies a retrospective justification for the attention given
to deterministic models in Chapters 3 and .

5
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5 wakes up the qu:ﬂ:ﬂi-_:m of nfche overfap,
lal'il}'- AMong t:{}mpeung Species. | |
| oblem 18 studied tor & Elifﬁﬁ of model biological
The Pf‘. . which several species compete on a one-
n:-mmurmrlf:ﬁ* U of resources, for example fonod
“lﬂmuﬂ.‘ jﬂ:#hitar. The resource spectrum 1s taken o

vertea fluctuation, Within this frame-

+ element of random ’
L there emerges d robust mathematical result, namely
k.t :

there 1S an cffective limt 1o niche overlap consistent
thﬂh long-term stahility, and that this imit 1S mnsensitive
with tong- ) _
the degree of environmental fluctuation, unless it be
to the aegre

re.
This conclusion

classic observation that, |
cluding hoth certehrate and invertebrate forms, character

dispi.. ..ient among sympatric specijes leads to sequences
in which each species is roughly twice as massive as the
next: that is, linear dimensions as measured by bills or
mandibles are in the ratio around 1.2 to 1.4. MacArihur's
(1971b, 1472) more recent and more guantitative reviews
of data culled from circumstances to which the one-dimen-
sional competition theory seems roughly applicable
(mainly congeneric birds. sorting out by food size or In
vertical habitat height) prnvides further substantiation of
this limit to niche overlap.

It is to be emphasized that the models of Chapter 6 are
«hiect 10 two severe restrictions. First, they treat competi-
lion on a one-dimensional resource continuum. More gen-
erally. particularly for msects and plants, the niche will
be multidimensional, with many relevant resource dimen-

all intertwined. Second, the model is essentially con-
| compettion within one trophic level, While this
" tobeapplicable to the higher animals near the Lop
of the wophic web, it can well be in the lower trophic
"+ ' that competition is less important than the pressures

6
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INTRODUCTION

of predation, or other effects. These restrictions have been
kept in mind by MacArthur and others, as is evidenced by
the sorts of communities from which the data are gleaned.
In developing a theory of niche overlap, it makes sense to
| begin with this restricted but relatively straightforward
circumstance. One may hope to extend the theory hy in-
cluding more niche dimensions, and by embedding the
set of competitors within a web, with predators above them.

The final Chapter 7 begins by looking again at our hand-

ful of pieces relating to the stability-complexity jigsaw
puzzle. We conclude with cocktail party speculations as to

somne broad questions the theoretical ecology of the future
may seek to answer.

So much for the ground covered in the book. The
ground not covered should be emphasized.

Variwous aspects of the dynamics of population models
are treated, but never with any long-term ume dependence
in the parameters of the models. There is no explicit evolu-
tion in our model ecosystems. The underlving genetic
mechanisms are likewise not dealt with.

Furthermore, we consider 1solated communities which
are uniformly unvarying in space; time is the only inde-
pendent variable. Spatial inhomogeneities, however. un-
doubtedly play a major role in many, if not most, real bio-
logical communities. The interplay between migration and
extinction in a number of local populations in a spaually
heterogeneous environment can have a stabilizing effect of
the “not-putting-all-eggs-in-one-basket” kind. These points
have been made in a general way, with reference to a varr
ety of biological circumstances, by Levins (196%%. 1970a),
Hu.ker {1958), Den Boer (1968), MacArthur and Wilson
(1967), Smith (1972), and others. The wdeas have been -
lustrated in numerical simulations by Maynard Smith

7



INTRODUCTION

Amant (1971). Roff (1972), and }Q:Eddillgillﬂ and
Den Boer (1970). One of the major theureucﬁ lreﬁttn;‘e;tj
is due to Skellam (1951). who Gbﬁt,’f-”l't‘d. 1haf, ] nnle {,;t Eaﬁ
hypothetical plant specics isisupvrmr in ::llsper:a‘;]m an
[_1;-r5i51. even if the uther species wm.ﬂd alw ays;fu -;E npe‘{-
it in a spatially static situation; this theme 14\51. .:,[111;1,
tended by Levins (1970a) and by Horn and MacAr

(1972). | |
Such spatial complicatons, mieresting and frequently

relevant though they surely are, have not be:E*n C{:‘H’EI"Ed
here. The excuse is that there remain worthwhile things to
he done, before addmg literally another dimension 1o the

(1471}, St.

problem,

THE MATHEMATICS IN THIS BOOK

Since this is a book about mathematical models of bio-
logical communities of interacting species, {[ 15 pfi‘rﬁ‘thE
cast in a1 mathematical mold. However, the plous aim 15 (o
comimunicate such insights as emerge from these models to
field and laboratory ecologists. In the main part of the
book, Chapters 3 through 7, the underlying assumptions
which generate the various mathematical models are dis-
cussed in biological terms. With this groundwork laid,
we usually po directly to set out the conclusions which
emerge, agan with emphasis on the biological morals
to be drawn. The intervening mathematical Jiggery-
pokery, which carries us from initial assumptions to final
results, 1s not dwelt upon in the text,

An extensive series of appendices makes good these
lacunae in the text. The appendices are of two kinds
{neither of which need he read). Some illusirate simple
mathemaltical points with detailed examples, These are
destgned for the mathematically Hl-equipped reader. who
ay like 10 see things spelt out very explicily in a way

8



INTRODUCTION

which would distractingly clutter the main text for many

readers. Other appendices are direcied in quite the op-
posite sense, and elaborate some of the mathematical
technicalities which enter into the detailed development
of the nmdels.. Such appendices are largely self contained.
and cover topics where the techniques may be of interest
and use 1n other areas of mathematical biology (for ex-

ample, the eigenvalue spectrum of certain classes of large

matrices). In cases where the muthematical techniques are

both recondite and narrowly specific to the problem at

hand (as in much of Chapter 6), we give only the «ncly-

sion and a reference to the original literature.

The necessary minmimal mathematical scaffolding for the
subsequent chapters is erected in Chapter 2. This is tacti-
cally convenient, although it is perhaps a Strategic error,
in that such a very unbiological beginning may be off-
putting.

Chapter 2 begins with a discussion of meanings which
may be attached to “stability,” and then outlines some
formal methods of stability analysis for model ecosystems.
Particular attention i1s paid to the “community matrix”
(Levins, 1968a), an entty which, on the one hand, sum-
marizes the biology of the community of interacting spe-
cies near equilibrium and, on the other hand, has mathe-
matical properties which describe the system’s stability,

The broad varieties of population model which abound in
the lhiterature are also discussed, with reference to the
differences and similarities between models where growth
is a continuous process, and those with discrete genera-
tions; between models where the population varable 1s a
continuous one, and those where animal numbers come in
integral units (demographic stochasticity); between mod-
els where the environment is deterministically unvarving.
and those where it fluctuates randomly (enviromuental
stochasticity).



INTROD UCTION

WHAT USE ARE GENERAL MODELS:

As has heen pointed out hy many people. model bulln‘dmg
. ogy, as In other disciplines, adiits a

different approaches. Thus Holling
een relatively detailed

1y pﬂpulatinn hiol
variety of broadly '
(1966, 1968a) has distinguished betw c d
‘.‘m-:;riml” models and relanvely general straltegic’ ones,

and Levins {1966, 1968b) has indicated a claﬁsiﬁcatqu in
terms of the qualities of “realism, precision and generahty.”
The interest in such questions is shown by the number of
people who have taken up Levins' theme and E]H]JDI"&IE'C{ it,
occasionally in discussions wlhich (to paraphrase Voltaire’s
remark ahout the Holy Roman Empire}are neither realistic,

nor precise, nor general. |
The basic fact, perhaps best put by Holling, 1s that there

is a continuous spectrum of possible models, ranging trom
empirical ones which aim to be of pracucal use, to rather
ahstract ones which aim to give qualitative general msights.
At one end of this spectrum are models which strive for
a deuwailed and pragmatic descripiion of quite specific sys-
tems. Such “systems analysis” along the lines laid down by
Watl (1963, 1966, 1968), Dale (1970), Patten (1971), and
Conway (1972), and exemplified by the work of Holling
(1965), Conway (1970, 1971), Conway and Murdie (19792),
or Hall, Cooper, and Werner (1970), in able hands offers
considerable promise both for particular projects of re-
source management and as a method of codifying other-
wise indigestible masses of experimental data. (Be it added
that sume other massive computer studies could benefit
most from the installation of an on-line incinerator.) Con-
\'t.'rﬁit'[}*‘,'thiﬁ “tactical” approach does not seem conducive
:ﬂ yielding general ecological principles, nor does it claim
0.
a“:;;;lli niﬁia;tiair:::lﬁci the sr]?:ectrl'.lm 15 the “strategic”
. precision in an effort to grasp

10)



INTRODUCTION
at general principles. Suchi general models, even though
they do not correspond in detail to any single real com-

nunity, amm to provide a conceptual framework for the
discussion of broad classes of phenomena. Such framework

can serve a useful purpose in indicating key areas or rele-
vant questions for the field and laboratory ecologist, or
simply 1 sharpening discussion of contentious issues.

Midway along this continuum of approaches lie such
works as Wilhamson’s (1972) baok, which covers theoreti-
cally based analytic tools for dealing with the population
dynamics of specific situations.

Such a continuum of approaches is familiar in other
areas of science. For example, the basic pedagogic element
of sohd state physics 1s the “perfect crystal.” Although
nature knows no perfect crystals, the model not only is a
useful core tor the subject but also provides a springboard
for such tactical forays as the optimal choice of supercon-
ducting alloys, or impurites in semi-conductors, where
the detailed work is often trankly empirical. As in ecology,
one must be careful about the circumstances to which the
perfect crystal model is applied. While 1t gives an excel-
lent description of many phenomena. it overestimates the
strength of materials by factors of 10% such strength 1s
set by crystal imperfections, and the pertect crystal 1s there-
fore ludicrously inadequate here. In like manner, at one
end of the spectrum of approaches, the periodic table pro-
vides a rough guide to the interaction properties ot the
chemical elements {and the structure of the periodic wable
in turn follows from the symmetries of the coulomb foree),.
while, at the other end of the spectrum. industrial chemus-
try is animated by a more pragmatic approach to the ki-
netics of molecular reactions. Other such paradigms
abound. Sympathetically handled, tactical and strategic
approaches mutually rewnforce, each providing new 11
sights tor the other,

11



INTROD CCTION

In ecology, 1 think it is true that tactical models ot the
- pplied to specific mdividual prob-

systems analisis kind, a
lems of resource and environmental management, have

been more fruitful than has general theory, and they are
likely to remain so in the near future. But in the long run,
nncé the “pertect crystals” of ecology are established, it 1s
likely that a future “ecological engineering” will draw upon
the entire spectrum of theoretical models. from the very
abstract 1o the very particular, just as the more conven-
tional branches of science and engineering do today.

As may be obvious from these defensive remarks, the
mathematical models for biological communities which are
treated in this book are all of the very general, “strategic”
kind. They are at best caricatures of realtty, and thus have

both the truth and the falsity of caricatures.

1 2



CHAPTER TwO

Mathematical Models and
Stability

THE MEANINGS OF STABILITY

A variety of ecologically interesting interpretations can be,
and have been, attached to the term “stability.”

The most common meaning corresponds to neighborhood
stebelity, that is, stability in the vicinity of an equilibrium
point in a deterministic system. This circumstance is not
only the most tractable mathematically, but also (as we shall
see) it often relates to more general stochastic situations,
or to large amplitude disturbances,

For population models in deterministic environments.
with the environmental parameters all well-defined con-
stants, one s interested 1n the community equilibria where
all the species’ populations have ume-independent values,
that 1s where all net growth rates are zero. Such an equilib-
rium may be called stable 1f, when the populations are per-
turbed, they in time return to their equilibrium values; the
return may be achieved cither as damped osallations or
monotonically. Conversely, if such a disturbance tends to
amplify itself, the system may be called unstable: agan
such instability may appear as oscillatory or as monotony
growth in the disturbance. The general cases of stabihny
and instability are divided by the razor’s edge of neutral
stability, where the perturbed system either remains sta-
tionary or oscillates with a constaut amplitude set by the
magnitude ot the initial disturbance. The pathological

13



TICAL VMODELS AND STABILITY

MATHEMA

< [
(o}

(b

— — — i — b

|\/ S

Fiorre 2.1, Schematic illustratton of a df&lff:rminis_tif. mechanical
system which when disturbed from equilibrium is {a) unstable,
(b) suable, (c) neutrally stable.

“frictionless pendulum” exhibits neutral stability. These

remarks are illustrated by Figure 2.1.
The graphical visualization of these ideas is familiar. The

solutions of the eguations of population dynamics for a
community of @ species may be represented as lying on
some m-dimensional surtace. Each point on this landscape
corresponds to a set of populations. The equilibrium states
are m principle those points where the landscape is flat:
hilltops and valley-bottoms. However, the equilibria on
hilltops are obviously unstable, unable to survive even the
smallest displacement; the valley-bottoms are the stable
conhgurations.

In a linearized or neighborhood stability analysis, one

14



MATHEMATICAL MODELS AND STARIL )y

frst idEnliﬁ'E'.‘i the t'f:qu_ilibrium Pomis, and then looks At
landscape 1n th(rn: immediate neighbarhood. Straight-
forward mathﬂmatlc'al tools, set nut helow, exist o 4CCOm-
p!ish the task. In this way equilibrium conbgurations may
be classed asistah!e or unstable, at least with respect ta small
amplitude disturbunces. This usage of the terms follows
that in mechanical systems, and in much of the mathemati-
cal genetics of Fisher, Haldane. and Wright,

More generally, since the equations of population biology
are nonlinear, the landscape may be quite cnmplicated.
and a neighborhood stability analysis may give a mislead-
ing representadon of the full global stability of the system,
Thus it our locally stable valley-bottom is, as it were,
nestled 1n the up of a volcano-like peak, then, although
small population perturbations will settle back to the vallev
floor, a large perturbation may carry the community over
the crater’s lip, to spill out onto the terrain below. Thus
a global stability analysis will seek to comprehend the sta-
bility structure of the entire landscape, rather than just the
neighborhood of equilibrium potunts.

If the underlying dynamical equations are linear. which
they often are in the physical sciences but essenuallv never
are In populaton biology, neighborhood and global sta-
bility are identical. Moreover, manv biologicallv interesting
models, although nonlinear, correspond to relatively sim-
ple such landscapes. with one valley (or one hilltop) whose
sides slope ever upward (or downwardj). Obviously n
this event the neighborhood stability analysis correctly
describes the global stability. Such arcumstances are char-
acterized by the existence of a “Lvapunov tuncuon.” a
function I'(V,, Na ....N,) of the population varubies
with the property that I is positive dehnite, ana
negative semi-definite (stable valley) or positive sem-
definite (uastable hilltop), throughout the region of popu-
lation space in question. In other words. the existence ot

I5
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[ MODELS AND STABILILTY

a region R corresponds to the state-
y is legitimately characterized
(In conven-

MATHEMATI CA

this entity throwghout

ment that the global stabilit .
by the neighborhood analysis lhrnughu_ut _
tional mechanics, the Hamiltonian constittes a Lyapunov

function. There is, unfortunately, no genera! way {?f leﬂing
whether a Lyapunov function exists m 4 grven situation,
nor of constructing it if it does exist. Substantially more
technical reviews of this topic are given [ucidly by Burton
(1969). Barnett and Storey (1970, Ch. 5), and Rosen (1970,
Ch. 3).) ‘ ,

Another complication arising from the I'IEJIII‘IHERTII}’F of
the equations which describe the dynamics .”f lnt_emn:ftmg
populations is that the equilibram ot stead:?}f m.amtnmeq':i
system need not necessarily be a pomt equihbrium (as it
must be for a linear system), but can aliernanively be a
stable limit cycle, wherein the population numbers under-
go weil-defined cyclic changes in time. For a stable limit
cycle, just as for a stable point equilibrium, the system if
disturbed will tend to return 1o the equilibrium configura-
tion. This explicitly nonhncar phenomenon 1s discussed
more fully in Chapter 4. The persistent oscillations of a
stable limit cydle are altogether different from, and are not
te be confused with. the pathological, sustained oscilla-
thons of neutrally stable “frictionless pendulums,” such as
the classical Lotka-Volterra predator-prey model.

So far in our discussion, stability, whether neighborhood
or global. has been a yes-no affair. However a neighbor-
hood stability analysis may distinguish relative degrees of
stability by describing whether the locality of the valley-
botiom is relatively steeply sloped (making for relatively
swift return to equilibrium following a perturbation), or
Tﬁlativﬁl}’ Hat. Clearly on a multidimensional surface there
will be diﬂ"e_rgnt gradients in different directions, and the
“‘-’?I‘H“‘ Slf’:ihllu}' in the neighborhood of the equilibrium
pomnt 1s hkely to be set by the slope of least magnitude.

16




MATHEMATICAL MODELS AND STABILITY

El) .
These “slopes,” of course, correspond to the damping rates
in an analytic treatment,

The above discussion rests on the assumption that the
environmental parameters in our maodel €quallons are
immutable constants, In reality all such parameters will

to a greater or lesser degree, exhibit random fluctuations
Real environments are uncertain, stochastic. In the deter-

ministic case, we spoke of the equilibrium populations, and
tested their stability with regard to the imposition of small
disturbances. In the stochastic case, there is 3 continual

spectrum of such perturbations and Auctuations built into
the fabric of the model, and we speak of equilibrium if

there are finite average populations around which the ani-
mal numbers Huctuate with steady average variances, The

populations are now described in probabilistic terms. A
necessary, but msufhcient, condition for the persistence of
such an equilibrium probability distribution is that the
corresponding deterministic population model be stable,

In such stochastic circumstances, it intuitivelv seems
sensible to reter to those systems characterized by large
fluctuations in the population numbers as “unstable.” and
to those with relatively small Huctuations as “stable.” As
discussed 1 Chapter 5, this usage is ofien related in a well-
defined way to the relative degree of stability in the deter-
ministic mechanical models.

A yet more genetral alternative meaning that can be
attached to stability i ecological contexts is structural
stability. This refers to the qualitative effects upon solutions
of the model equations produced by gradual varation in
the model parameters themselves, that is bv modifications
in the structure of the basic equations. It the sclutions
change in a continuous manner {i.e. if the perturbed svs-
tem is topologically isomorphic to the unperturbed onel.
the system is said to be structurally stable. Conversely if
gradual changes in the systern parameters, such as altera-

17



MATHEMATICAL MODELS AND STABILITY

physiogra phical factors in the biome, as manifested
for example by intrusion of glacial tongues, produce qual-

Tiscontinuous effects, the system is structurally
odels will be structurally

(ions 1n

iatvely
unstable. Most neutrally stable m ‘ |
unsiable. with slight changes in the basic equations precip-

itating the system into the category stable or unst‘ab;e.

One very general approach to the Pf"ﬂblems tirf' p.n]_}ula-
tion ecology is to look beyond the stability ”lf[hE ndividual
populations constituting the system, h::,u see iIf some general
quarntities such as nel number of SIJEEIES: 0r ”‘*.’ETHH energy
or biomass flow, are roughly conserved. T'hat 1s, one could
look beyond the details of the dynamical stability surface,
which n‘ut}' he pocked with valleys and ridges like the sur-
face of the moon, to seek whether there is some broad re-
gion of this dynamical space within which the system as a
whole may be bounded. This is a wider, if fuzzier, question
than is dealt with in this book., The tools of structural
stabilitv analysis may well be the appropriate ones to use
on this inieresting question, which has received lutle atten-
tion,

The recent proof by Smale (1966) that structurally stable
systems are, i a precise sense, rare in more than three
dimensions could have mmplications in many biological
helds. For 4 fuller account, albeit mainly in a morphoge-
netic context, see Thom (1969, 1970). Although we do not
go beyond these vague references to structural stahility
here, the subject is mentioned because it is relevant to the
1ssties under review, and s likely to be one of the growth
points of theoretical biology.

| For a more thorough review of the meanings that may be
given to stability, see Lewontin (1969),

'We now turn to focus on one small corner of the l; rge
picture sketched above, namely neighborhood swubility
In dewr_ministic models. The mathematical formalism, pre-
sented 1n the next section, underpins Chapters 3 and 4

18



MATHEMATICAL MODELS AND STARy) 1y

explicitly, and remains relevant to the random

. _ ly fluctu-
ating environments of Chapters 5 and 0.

THE COMMUNITY MATRIX

Consider a community comprising but one species. with
population N(), whose dynamics are descr

: . Ibfi‘d b}’ the
differential equation

dN(y
g = FWNO). (2.1)

Here the population growth rate, dN/dt, s given hy some
function of the populations at time ¢, F(N). Any possible
equilibrium population, N*, will by definition be a solution

of the algebraic equation obtained by setting the growth
rate zero;

0 = F(N*), (2.9)

LR

An analysis of small disturbances about the equilibrium

population proceeds by first writing the perturbed popula-
tion as

N{) = N* + (8. (2.3)

Here x{f) measures the perturbation to the equilibrium
population, and is by assumption initially relatively small.
An approxunate differential equation for this perturbation
measure is then obtained by a Taylor expansion of the
basic equation (2.1) about the equilibrium powt. neglect-
ing terms of order »* and higher:;

dx(f)
dt

= a x(?). {2.4)

The quantity « is the derivative,
o= (dF/INY, 2.3)
19



MATHEMATICAL MODELS AND STABILITY

the equilibrium point N = | ‘
th rate in the immediate

lnared at N*, It measures

evalua
the per capia populatton growth I:
neighborhood of the equilibrium point. o
The solution of the linearized equation (2.4) 1s, ot course,
x(1) = x(0)e", (2.6)

where x(0) is the iniial small perturbauon. Obvivusly if
0, the disturbance dies away exponcntially, whereas
for a = 0 the perturbation grows, and the f-:-per:iul case
« =0 gives neutral stability. In short, the ncighhorhood
stability analysis gives the equilibrium point at N* to be

stable if and only if « is negauve.
As an example, consider the equation of logistic popula-

a <

ton growl h

N — 'N(1 = NIK). 2.7
- = IN(1 = N/K) (2.7)

Here the conventional quantity r measures the intrinsic
per capita growth rate, and K the total carrying capacity.
The possible equilibrium points, from e¢quation (2.2), are
N* =K and N* = 0. For the point at N* =K, we find
a = —r. corresponding to stabiluy if and only if r > 0; con-
versely the neighborhood of the point N* = 0 is stable if
and only if »r < 0, For this simple example a full nonlinear
solution of equaton (2.7) is easy and familiar, and we re-
mark that for r > 0 the neighborhood analysis gives a true
description of the global stability throughout the relevant
domain N = 0, namely a stable equilibrium population of
magmitude AL (A Lyapunov function, V(N) = (1 — N/K),
can be written down here, and therefore the neighborhood
stabiity analysis describes the global stahility.)
| The case of a multispecies community, with m popula-
u.ﬂns Ni(?) labeled by indices i=1, 2, . ... m, 18 in prin-
ciple equally straightforward.

'I’hfe essential thing which emerges is the commuinity
Matrix, 4. Just as in the single species system the ] x |
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matrix” « both summarizes the hiology (being the per
capita growth rate near equilibrium) and sets the neghbor-
hood stability (by its sign), 50 too in the multispecies system
the m X m matrix 4 both summarizes the biology (its ele-
ments being determined by the ieractions bcu;.'r:en and
within species near equilibrium) and sets the neighborhood
stability (by the sign of its eigenvalues). An awareness of
these general features of the community matrix is really
all that 15 required to follow the basic themes in the sub-
sequent chapters, which may comfort anyone for whom the
mathematics below is not easy.

Suppose the multispecies population dynamics are given
by a set of m equations

AN
g = PN, No(D), o, Ngll)). (2.8)

Here the growth rate of the ith species at time ¢ is given by
some nonlinear tunction F; of all the relevant Interacting
populations. Again the equilibrium populations, N¥,
follow from the m algebraic equations obtained by putting
all growth rates zero:

U=F.(NT: N?r---rN:l)- (29)

Expanding about this equilibrium, for each population we
wrile

N{1) = N¥ 4+ x,(1), (2.10)

where x; measures the initally small perturbaton to the
ith population, Taylor expanding each of the basic equa-
tions (2.8) around this equilibrium. and discarding all
terms which are of second or higher order in the popula-

tion perturbations x, a linearized approximation is ob-
tained:

d Ii(” _ m ﬂ”l-j“)_ ('f_-']]}
T

21



f{ODELS AND STABILITY

This set of m equations describes the population dynamics
in the neighborhood of the equilibrium point. Equiva-

lently, we may write, 1n matrix notaton,

d x(1)

WATHEMATICAL A

(2.12)

= A x(!).

Herc x is the m X I column matrix of the x;, and A 1s the
» X m “community matrix” (Levins 1968a), whose ele-
ments a;; describe the eftect of species j upon species near
equilibrium. The elements a,; depend both on the details
of the original equations (2.8), and on the values of the

equilibrium populations, according to the recipe

3 Fi\*
e ’ 2.13
o= (750 - 2.13)
The partial derivatives, denoting the derivatives of F;
keeping all populations except N; constant, are to be evalu-
ated with all popwlations having their equilibrium values,

For the set of linear differential equatons (2.11) the

solutiont may be written

m

x() = 3 Cijexp (A). (2.14)
J=1

This 1s the multispecies analogue of the single species solu-
tion {2.6}. The C,; are constants which depend on the injtial
values of the perturbations to the populations, and the
time dependence is contained solely in the m exponential
factors. The m constants A;(with j=1, 2, ., . ., m), which
obviously characterize the temporal behavior of the system,
are the so-called eigenvalues of the matrix A. They are
found by substituting (2.14) into (2.11) to get

A x(f) = Z X, (2.15)
i=1

or, 1n the more compact matrix form,
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MATHEMATICAL MODELS AND STABIT1|Y
(A — A x(2) = 0. (2.16)

Here [ i1s the m X m unit matrix. This sel of equations
possesses a2 non-trivial solution if and only 1f

the deter-
minant vanishes:

det ]r’f—"hfl=[}_ (2.17)

This is in effect a mth order polynomial €quation in A, and
it determines the eigenvalues A of the matrix A. They may
in general be complex numbers, A = £ + i¢: in any one
term In equation (2.14) the real part { produces EXPONEn-
tial growth or decay, and the imaginary part £ produces
sinusoidal oscilation. Figure 2.1 corresponds to one such
term with £ # 0 and (a) £ > 0, (b) { < 0, (c) { = 0. Looking
back at equation (2.14), it 1s clear that the perturbations to
the equibbrium populations will die away in time if, and
only if, all eigenvalues A have negative real parts. If any one
eigenvalue has a positive real part, that exponential factor
will grow ever larger as time goes on, and consequently the
equilibrium 1s unstable. The special case of neutral stabil-
ity is attamned 1if one or more eigenvalues are purely im-
aginary numbers, and the rest have negative real paris.
Collecting these remarks, we observe that an equilib-
rium conhguration in the multispecies system will have
neighborhood stability if, and only if, all eigenvalues of
the_mmmunity matrix lie in the left-hand half of the plane
of complex numbers. This criterion is illustrated in Figure
2.2. As a final notational flourish, it is convenient to define

A as minus the largest real part of all the eigenvalues of the
COMMUINItY matrix;

—A = [Real (M) ]qux (2.18)

The stability criterion then becomes
A > 0. (2.19)
Fulfillment of the neighborhood stability conditions ot
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N
N

FicUre 2.2, The eigenvalues A =x + r':f' of the catmmunity matrix
4 mav be represented as points (x, y} the complex p!:mg ina
deterministic environmem with population growth a conuntious
process, the criterion for an equilibrium community 1o be stable

with respect 10 small disturbances 15 that all such eigenvalues have
negative real parts, that is hie in the hatched region,

Figure 2.2 corresponds graphically to the dynamical land-
scape sloping in every direction upward from the equilib-
rium point; the magnitude in the direction of least slope
ts measured by the real part of the eigenvalue nearest to
the imaginary axis in Figure 2.2, that is by A.

If one or more eigenvalues have positive real parts (1.e.,
f A < 0), all we cap say with certainty 1s that there is not a
stable equilibrium point. Perturbations will initially grow,
but the neighborhood analysis leaves their ultimate fate
uncertain. Eventually terms of order x* and higher become
important, and nonlinearities decide whether the pertur-
bations  will grow until extinctions are produced, or
whether the system may settle into some limit cycle. Like-
wise even if the equilibrium point is stable to small pertur-
bations, as shown by the neighborhood analysis, its re-
sponse to severe buffetings is not necessarily known.,
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Appendices | and Il may be referred 1o 4t this point
Appendix 1 is for the benefit of those whe may find lhf;
above presentation rather abstract, and it conins explicit
examples to illustrate the analysis in relatively familiar
circumstances. Conversely, Appendix 1] goes beyond the
above discussion, both to give same general rules

to whether the eigenvalues of the communily matrix all
lie in the left half of the complex plane, and to catalogue
the eigenvalues of some ecologically Interesting matrices

We shall frequently refer to Appendix 11 throughout the
succeeding chapters.

The community matrix A4 is clearly the central hgure in
this section. It is a quantity of direct biological significance,
Its elements g;; describe the net effect of Species j upon
species ¢ near equilibrium. A diagram of the trophic web
immediately shows which elements a;; are zero (no web
link); the type of interaction sets the sign of the non-zero
elements; and the details of the interactions determine the
magnitude of these elements. The sign structure of this
m X m matrix is directly tied to Odum’s (1953) scheme,
which classifies interactions between species in terms of
the signs of the eftects produced. He characterizes ihe
effect of speuies j upon species i as positive, neutral, or
negative (that 18, a;; +, 0, or —) depending on whether the
population of species i is increased, is unaffected. or is de-
creased by the presence of species ;. Thus for the pair of
matrix elements ¢;; and a; we can construct a table of all
possible interaction types:

relating

Effect of species jon ¢
[i.e. sign of a;]

+ 0 —
Effect of species + ++ +0 .
ton j 0 0-+ 00 0—
[i.e. sign of «] — —+ —Q __
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Apart from complete inde

tinguishably diflerent categones . _
[ species, namely commensalism (+0), amen-

salism (—0). muualism or symbiosis H_,+)' cr..rmpetltmn
(—), and general predator-prey (+—) including plant-
herbivore, parasite-host, and sn on. For a more thorough

exposition, sce Willlamson (1972, Ch. Y.
In conclusion, it may well be remarked that for a system

pendence, there are hve dis-
{ interaction between any

given pair o

with two species it is often possible 10 elucidate the tull

nonlincar topology of the “phase space” I wlhich the pomt
represenung the 1wo populations moves, and thereby to

effect a global sitabibty analysis, Most ecology boaks pre-
sent such a phase planc analysis for the Lotka-Volterra
equations for two competitors, and Slobodkint (1961, Fig-
ure 7-2) gives neat sketches of the actual stability land-
scapes. This geometrical technique becomes less useful as
one moves beyond two species and two dimensions, partly
for human reasons (book pages are two dimensional), and
partly for mathematical reasons (the topology of two-di-
mensional surfaces can be different in qualitative ways
from that of higher dimensions, a point discussed in Chap-
ter 4 11 connection with the Poincaré-Bendixson theorem).
Therefore, as our main interest is in multispecies com-
munities, we have concentrated on presenting analytic
technigues of neighborhood siability analysis,

VARIETIES OF POPULATION MODELS

In modeting biological populations, various approaches
differing in matters of brological and technical detail can
be distinguished.

Duscrete versus Continuous Growth

One interesting distinction is between models where
population growth is a continuous process (as for ex-
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ample v human populations), and those wi
generations or age classes (as for example
ot cicadas).

So tar we have dealt with deterministic models m which

population growth is a continuous process. That is, the j
dependent variable ¢ is continuous,

tial equations. A paradigm for th
simple single species exponential g

dN(1) :
di =1\ (f} (gﬂﬂ}

th discrete
among sdalmaon

n-
and we have differen-
1S circumstance is the
rowth equation,

Monekr. [:

This has the familiar solution

N() = N, 2.21)
with .Nu the initial pru]a[i{Jn at{=9{.

I there are separate generations, then the independent
varldble 1 13 a discrete one, and we have difference equa-
tions for the discretized growth rates N(t + ) — N The
paradigm corresponding to Model [ will have the form

MobeL 11: N+ =01+ rm) N, (2.22}

where 7 1s the time interval between successive genera-
tions. The ume taken for % generations 1o elapse is thus
t = kr, and the population then is

N = kr)y = N1 + r)*. (2.23)

In the himit as the generation time tends to zero, that is
as It becomes much smaller than all other relevant times in
the system, we have

i, (1 + 7)™ — ¢, (2.29)

Thus, as the time interval between successive generitions
becomes negligible, we recover the continuous growth
result (2.21), as we obviously should.

Smmilarly, in the general muliispecies situation, a vela-
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the stability properties
with discrete,

MATHEMA TTCAL

tion may be established between

' I Js il nuous, and
of pﬂpulauun mocels with contin

rowth (May, 1972a). | | | B
i Correspondmng to any particular differential equation

model is an analogous ( ~homologous”) difference €q uati:.}'n
model, in which all the biological features such as trophic
structure, birth and death rates, competitive and prey-
predator interactions, and so on are idf:f‘ltical, save only
that population growih takes place at discrete m'lﬁ:rva_ls,
cather than as a continuous process. For the multispecies
community whost dynamics are described by the set of m
differential cquations (2.8), the homologous difference

equations 4re

NAt +7) — Ndty =1 F(N, (0, No(D), ..., Nu()), (2.25)

with 7 the generation time. Again the possible equilthrium
populations, Nf¥, are determined from equation (2.9),
This identity between the models In the static, trme-in-
dependent limit follows from our definitons: tf time docs
not enter into consideration, the difference between con-
tinuous and discrete growth processes 1s irrelevant. The
stability of this equilibrium with respect to small disturh-
ances may be studied by methods analogous ro those set
out gbove {or systems with continuous growth. This is done
in Appendix 1.

The upshot of this neighborhood analysis is that stabil-
ity hinges on the eigenvalues of identically the same com-
munity matrix as for the homologous system of differential
equations (2.8). But, whereas the continunus growth
system was stable if and only if all these eigenvalues [ay In
the left half complex plane, stability of the corresponding
system with discrete generations requires the more strin-
gent condition that all these same eigenvalues lie inside a
arcle of radius 1/7, centered at —(1/7) on the real axis, in
the complex plane, This more severe criterion is Hus-
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Ficure 2.3. For a biologicad community in which prowth as a dis-
crete process, as represented by the sysiem of difference equations
(2.25), the criterion {or stability in the neighborhood of an equilib-
rium point 18 that all eigenvalues of the same community matrix

as in Frgure 2.2 (i.e. equation (2.13)) le inside the hatched circle
in the lefi half of 1the complex plane,

trated it Figure 2.3, which is 10 be contrasted with Figure
2.2.

It is widely understood that difference equations tend to
be less stable than their differennal equation iwins, be-
cause the hAnite time lapse between generations of growth
will have the destabilizing effects associated with any time
lag 1n an interactive system (see, for example, Bartlett,
1960, Chs. 4-6, or Maynard Smith, 1968, Ch. 2). The com-
parison between Figures 2.2 and 2.3 makes this quite ex-
plicit; clearly stabiliy of the difference equauon svstem
implies stability of the differential equation one. but the
converse Is not necessarily true.

Thus, by way of a simple example, the discrete geneva-
tions version of the logistic growth equation (2.7) 1s

N{t + 1) — N(O) = rrN{O[1 — N (/K] (2.26)
29
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e Ar s TTEAL
MATHFMATIC, | o
um population value N¥ = K, the

«ihle equilibr _
For the Pmbmk | lier seen to have the el-

rv Matrix was ear
oMUY Matrix _ e
] X I ¢ From Figure 2.3 the neighborhood stabilin

envalue —r. ‘ _ ® |
; this Equilibnum pnpulaunn at A 15 now 2/r

criterton for _ | .
sty with the regquirement » > 0 for the

>r >4 This cont o
model with continuous growth. Clearly as 7 tends to zero

the two models coincide, but, for any finite generation time
z, 100 large a per capita mirinsic growth rate » can lead 1o
I' - N ) i . )
diverging oscillations in models with discrete growth in

tervals. | | o
[t is also clear how Figure 2.2 is attained as a hmiting

case of Figure 2.3. As the interval 7 between successive
population growth steps becomes anui]r:r and smaller com-
pared to other relevant time scales in the system, the radius
(1/7) of the circle becomes larger and larger, and the center
(at —1/7) recedes ever further to the lefi, untl the right-
hand boundary of the circle is for most practical purposes
coincident with the imaginary axis, leading to Figure 2.2,

Without this synthesis, one 1s liable to end up compre-
hending the relation between continuous and discrete
growth mm individual models, one by one, in 4 rather un-
satisfactory way.

[n any parucular applicution, the choice between con-
timuous time models and discrete ones should, of course,
be dictated by the biological realities. Although the bulk
of this book is confined to models with continuous growth,
and, consequently, differential equations, analogous re-
sulis could be presented for difference equauon systems.
One could, as it were, write 3 hontologous book.

Demographic Stochasticity

Another interesting distinction is between a descrip-
tion where the dependent variable, the total population
/). changes continuously, and one in which it changes
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in integral steps. In the former case we speak of the num.
ber of animals present at time +, N'(1), and in an infinitesimal
time df this quantity will change by an in hnitesimal amount
dN; the models arce deterministic. In the latter case, animals
come only in integer units, and we have a distrihution
function, f{(», ), which gives the probability to find n = 0,
1, 2, ..., N, ...a;mmals at time t; the models are sto.
chastic. By taking the usual swaustical moments of the
prnbabilit}' disiribution, we gel the mean number of ani-
mals at ¢ {which may, or may not, be identical with the
deterministic N(f)), the variance in the number, and so
forth.

The siochastic paradigm corresponding to Model I
where growth 1s a continuous process, is given bv the fol-
lowing probabilities for an individual to give buth to off.
spring in an infinitesimal me interval J¢:

probability 1 offspring = r dt |

MopeL I11: - _ - {2.27)
probability 0 offspring = 1 — r d

[f the iniual population contains N, individuals, the proba-
bilities to find » individuals at time ¢t (n=N,, N, + |,

...} are given by the distmbution function (e.g. Bareu
1966, p. 74)

s
No = D= & e (2.28)

fin, 4=

This result is, for Model Il1, the analogue of equation
(2.21). Thence we may calculate the average population,

{n(f)) = Nye™, (2.29)
the variance,
{{n — (n))*) = Ne"(1l — ), (2.30)

and so on.
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Clearly the stochastc approach gives a tuller descrip-
tion of fhe svstem. bought at the expense of harder cal-
culation The essential difference 1s that n the deter-

ministic model each member of the population gives birth
to some tiny fraction of an individual (') mm each small

nterval of time, whereas in the stochasuc model only
whole animals are born, with specified probabilities. For
very large populations this distinction becomes unimpor-
tant. In the canonical models above we see that the sto-

chastic mean (2.29) is identical with the determiunistic
population (2.21), and the statistical root-mean-square rej-

ative Auctuation about this mean 1s

{((r —(E:; DT Nrvd — e, (2.31)

That 1s,

Vvvariance
— N1z (2.32)

Eimf—rﬂ: 4 0
mearll

Thus for very large populations, N, ® 1, the deterministic

approach should serve.
Alternatively, if growth is a discrete process, the sto-

chastic analogue of the paradigm II has birth occurring at
specific times, at intervals 7 apart, with probabilities

bability 1 offspring = rr ﬂ
Mones TV probability 1 offspring =, . .
B | . (2.33)

probabdity 0 offspring = 1 ~ 7

The resulting probability distribution at time ¢ = kT, after
k generations, has the first moment (the mean)

(n{t =kr)) = N,(1 + rr)F (2.34)
The second moment (the variance) at ¢ = 47 is
({n — ()1 = No{l = r7)(1 + rr)2h-1] — (1 +r7)7%], (2.85)

and so on.
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As 1n the comparison hetween Models [ and 1. these
equations reduce to those of Model 111 as 7 tends 16 zero
(see equation (2.24)). As m the comparison between I and
111, the stochastic average (2.34) is identical with the de-
terministic population value (2.23%), and again the root-

mean-square relative Huctuations are negligible when the
population is large:

(2.36)

mean I +r7

Our standard example, the logistic growth formula (2.7),
may also be discussed in such a swochastic framework
(Bartett, 1960, Ch. 4). Again the conclusion is that, as
long as the ca rrying capacity K corresponds to a large num-
ber of anumals, the populaten fluctuations induced by a
statistical treatment are characterized by a relative ampli-
tude proportional to K™%,

The generalized central limit theorems of McNeil and
Schach (1971) further substantiate the fact that for large
populations, N 2 1, the averages tend to be proportional
to N, and the variances to N, so that the root-mean-square
relative fluctuations scale as N™V2

Thus so long as «fl relevant populations in the food web
are reasonably large. the detevminisuic approach 1ypihed
by Models I and 1I should suffice.

A more detailed justification for using deterministic,
rather than stochastic, equations in dealing with large
populations in an ecological context has been given by
Beverton and Holt (1956) and Wartt (1963, p. 350). The
cautionary notes sounded, for example, by Becker {1973)
are mainly in circumstances where at least one population
is small.

. Vvariance _ —_ A\ 112
lim,_. = > NTU2 (1 rT) |

These stochastic features, arising because the popula-
tion variable is fundamentally a discrete one, have been
christened “demographic stochasucity.”
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the above paradigms

The variety of models typified by
mav be summarized schematically:
Dependent Variable, N

continuous discrete
Independent continuous Model 1 Model 111
Variable, ¢ discrete Model 11 Model IV

In this table, one passes from right to left as the popula-
tions become very large (¥ ® 1), and from bottom 1o top
as the growth steps become small ( — 0). The subsequent
chapters mainly treat the kind of model typified by I.

Enuvironmental Stochasticity

So far, the environmental parameters (typified by the
growth rate » in our paradigms 1-1V) have been taken to
be constant, unvarying in time. More realistically, such
environmentdl parameters should be time-dependent.

An example would be the modihcation of the paradigm 1

10 read

MobEeL V: df:;f{) = r(f) N(1). (2.37)

If r(#) 1s some prescribed function of ¢, no essential new
teature enters. But if r(¢) is fluctuating randomly about
some mean value, as 1t usually is in nature, substantial
complications enter. A good review is due to Sykes (1969).

The consequent element of environmental stochasticity
generates population fluctuations whose relative magni-
tude is set by the degree of environmental variance, ir;de-
pendent of the absolute population size. This is to be con-
trasted with the effects of demographic stochasticity, where
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Y

AN

Frcure 2.4. In a randomly Ructuating environment, with variance
characterized by o*, a rough criterion for the population numbers
not to fluctuate ta extinction is that all eigenvalues of the {aveyage
value) community matnx of equaton (2.13) lie in the hatched re-
gion, a distance of the order of ¢ 10 the left of the IMAgINATY axis.

the relative magnitude of the fluctuations characteristically
scales as N71%=,

This question 1s taken up in Chapter 5. The communny
matrix will be seen often to retain its relevance. For the
population Huctuations to be not too severe, so that the
community persists, a rough criteron is that all the eigen-
values of A lie not merely in the left half complex plane.
but to the left of the imaginary axis by an amount o* which
characterizes the environmental variance. This qualhitanve
criterion 1s illustrated m Figure 2.4.

SUMMARY

The variety of meanings which may sensibly be at-
tached to stability in ecological contexts are reviewed.
Neighborhood stability is fastened upon as being mathe-

35



MODELS AND STABILITY

matically the most tractable, and often underlying other
usages. Exphicitly nonlinear phenomena,
yaised with a view to later discus-

MATHEMATICAL

maore complicated
such as limit cycles, are

SIOnN.
Within the formal framework of neighborhood stability

analysis, the community matrix is held up as an enuty
which both epitomizes the bivlogy of the community and

also sets its stability character.
A diversity of population models are put in perspective,

We choose henceforth to use models where growth 1s con-
tinuous (lcading to differental rather than difference
equations), and where the populations are numerically
large (thus avoiding complicatons of demographic sto-
chasticity). The effects of environmental stochasticity,

which are independent of population size, will be included.
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CHAPTER THREER

Stability versus Complexity
In Multispecies Models

One of the central themes of population ecology is that in-
creased trophic web complexity leads o increased com-
munity stability.

A good deal of evidence has been assembled {e.g. Elton,
1958, pp. 145-150; Pimentel, 1961) to show that, in nature,
species population stability is typically greater in struc-
turally complex communities than in sim'ple ones. Elton’s
review points out that both mathematical models and labor-
atory experiments on simple one-predator-one-prey sys-
tems oscillate violently; that cultivated or planted land, or
orchards, or the simpler communites on islands have
shown themselves to be comparativelv unstable; whereas
the rain forest, the paradigm of trophic web complexity.,
appears very stable. Hutchinson (1939), reterring to Odum
(1953) and MacArthur (1953), notes that “oscillations ob-
served in arctic and boreal fauna may be due in part to the

communities not being sufficiently complex to damp out
oscillations,” a point of view which has been elaborated by
subsequent authors {(e.g., Macfadyen, 1963, p. 182).

The hypothesis that increased food web complexity
causes increased stability has, on occasion, been ac-
corded the status of a mathematical theorem. MacArthur’s
(1955) suggestion that community stability may be roughly
proportional to the logarithm of the number ot links in
the trophic web has sometimes been wishfully mistaken tor
such a theorem. In fact, this suggestion rests on the vald
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from information theory, that such a

he degree of organization (complex-

itv) of the web, followed by the usuall intuitive assaciaFiDn
b;"nq.;een complexity and stability. :Fhrs work. 'EllE‘gHIT[ dn;j
insightful though it is, Is nal 2 formal [nldl?fm‘dlng]
proof of the increase in stability .ﬂf a EﬂH‘l’II]llIHL)’ as the
number of links i 1ts fond web increases” (Hutchinson,

1959, p. 103). _ .
Witl? the contemporary upsurge of interest in these

idence suggests that the reja-

argument. borrowed
Iugarithm measures |

questions, accumulating v , |
tion between complexity and stability s sitbstantally more

complicated than appears at first sight. |
In arguing for a reappraisal of the question, Watt (1968,

p. 43) has observed that “it is a distu rbing f_uct that many of
the most historically important pest species (rodents, lo-
custs, grasshoppers, and forest-insect defolators such as
the spruce budwort) are attacked by an enormous num-
ber and variety of species. Grasshoppers, for example, are
attacked by a variety of pathogens, mites, nematudes,
spiders, wasps, tachinid and sarcophagid fly parasites, egg
parasites, praymg manutses, snakes, maminals, and birds —
it s truly a wonder that any grasshoppers ever survive.” In
discussing pest control strategies, Turnbull and Chant
(1961) and DeBach et al. (1964) have argued that a rela-
tively simple predator-prey system can often be more
stable than a complex one, and Zwolfer’s (1963) study of
six species of Lepidoptera plus their parasite complexes, al-
though qualitative rather than quantitative, has suggested
that in this case the simpler systems are more stuble.
Hairston et al.'s (1968) investigation of an artificial labora-
tory system comprising at maximum three bacteria species,
three paramecium species, and two protozoan predators
led them to “conclude that much more experimental and
observational work is necessary before the nature of any
functional relationship between diversity and stability can
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be claimed with confidence.” In 2z cogent paper, South-

wood and Way (1970) have stressed the need 1o consider
the detailed character of the particular trophic web siruce-
ture, betore attempung generulizations as to population
stability (see their Figure % and accompanying discussion),

Elton’s argument that isolated oceanic islands are reactily
invadable 15 well documented (e.g. Holdpate und w
1971). But, as admitted by E.Il{mflgﬁﬁ), j;hf: point :;C]E
concerns vulnerability, not stability. Nor is such rulnef-
ability confined to the simple ecosystems of islands. The
stability of complex continental CCOSYSIEMS WAS NO ATMOr
against the Japanese beetle, European gyYpsy moth, or
Oriental chestnut blight Endethia parasitica in North
America, to cite a few among many examples. Tt is trivial,
but not 1irrelevant, to observe that stability was hardly en-
hanced by the extra links added to the trophic web in these
instances. Likewise, removal of one species can lead 10 a
severe collapse mn the overall trophic structure: thus Paine
(1966) has shown that removal of one species from an
intertidal community of marine invertebrates led w its
collapse from a 15-species to an 8-species system in under
two years. These last two sentences add up to the remark
that species integration (Emerson, 1949) is a very nonlinear
affair, and complex communities contain much more “in-
formation” than can be estimated by counting links in the
trophic web. Even the complex and diverse coral reef,
commonly thought of as the aquatic analogue of the rain
forest, has recently had its stability called into question by
Acanthaster planct in the Pacihc.

In this chapter we examine one tiny piece of this Jarge
jigsaw puzzle. It has to do with the relatiou between sunple
mathematical models for comnnmities with many. as con-
trasted with [ew, species.

The relation between the present mathematical models
and the complications of the natural world should be
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e real world ihere is, on the one hand,

the cnmplifar.ed character of individual 1Lnter'*ar;uuns- b..f_-_
speces: predator switching, spatiul

tween and  witlin .
heterogeneity and boundary effects, density-dependent

hirth and death rates, [0 name a few. These realistic com-

are present even in one- or two-species systems,
hand, there are

emphasized. In th

plications
and can easily stabilize them. On the othe

the complexities consequent upon the inclusion of large
numbers of speries m our model community, In the

present chapter, we restrict attention to the ‘simplest
models for individual interactions between species, how-
ever unrealistic they may or may not be, aud proceed (o
understand the effects introduced by adding more and
more species to the total system. In this way we may haope
o get a feeling for the eflects of diversity (in the sense ol a

large number of species) per se.

SOME GENERAL PREDATOR-PREY MODELS

Elton’s (1958) first argument for the complexity-stability
thesis 1s that stmple mathematical models of one-predator-
nne-prey systems do not possess a stable equilibrium, but
exhibit oscillatory behavior. This argument is only ger-
mane If the analogous mathematical models of many-
predator-many-prey systems are correspondingly more
stable. The first thing we do here is to investigate such
n-predator-n-prey systems (x large}, and we find them to
be in general less stable, and never more stable, than the
simple two-species model invoked by Elton. This would
seem Lo validate the first of Ehon's six classic arguments;
the other five are not affected. Moreover, the model pro-
vides a specific counterexample to any unjversal use of
truphic link counting as a measure of stability. The »n-
predator-n-prey system, with #2 links in s web, 15 at best
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no more stable than the analogous singly linked one.-
predamr—fme-prey system.

The classic model for a deterministic one-predator-one-

prey system with continuous growth is that of Lotk (1923)
and Volterra (1926)

dH (/)
—r = HWle — aP(9) (3.12)
dP (1)

1 POl—b + gH (D] (3.1b)

Here H(¢). P(t) are the populations of prey and predator,
respectively, at time /. The parameter « relates to the birth
rate of the prey, b to the death rate of the predator, and
«, 3 to the nteraction between the species: all are positive
nuntbers, These equations constitute one particular model
for the single-link trophic web illustrated in Figure 3.1(a).
They constitute the simplest representation of the essen-
tials of the nonlinear predator-prey interaction.
Although they may nightly be criticized for lack of de-
tailed realism, it 1s often not appreciated that equatians of
this Lotka-Volterra type tanthfully characterize the stabil-
ity properues of a much wider class of models. The choice
of the per capita growth rates (the factors in square

| 2 3 n

H ? H %

P o p =

b 2 3 n

(a) {b)

Ficure 3.1. Schematic representation of a two-level trophic web
with (a) one species at euch level, and (b} # species at cach level. H
and P stand for host and parasite, or alternanvely for herbivore
and predator.
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brackets in equations (3.1}) as linear functions of the
onds to the first approxima-

population variables corresp rox1;
abhout the equilibrium

tion in a Taylor scnies expansion
points in broad classes of more general models, a point

emphasized by Lotka (1925, p. 62; 1932), Volterra (1931,
1937) and MacArthur (1970}, [ 1s [argely for this reason
that the valuable ecological “compeutive exclusion prin-
ciple.,” which origmally was derived from the analogous

two-competitors Lotka-Volterra equation, 15 so widely ap-
plicable. The feature that i objectionable about the equa-

tions (3.1) is the absence of intraspecific interacuon terms,
that is the absence of H(!) inside the square brackets in
(3.1a), or of P(1) in (3.1b); the analogous competition equa-
tions are free from this particular ohjection,

The stability character of the equations (3.1) is dis-
cussed in Appendix I, which uses this familiar example to
Hlustrate the role played by the community matrix. The
prospective equilibrium point clearly has populations
H* = biB, P* = afa, The 2 X 2 community matrix may be

seen (o be
0 —abi3 ‘ (3.9}
Bala 0

The egenvalues of the matrix are the complex conjugate
pair ot purely imaginary numbers,

=ii‘.(ﬂ.b)“:— (33)

That 15, both eigenvalues have real parts equal to zero,
corresponding to neutral stability. If displaced from this
equilibrium, the system is neither stable (does not tend to
return) nor unstable (the disturbance does not grow and
grow), but rather it endlessly oscillates or “hunts” around
the equitibrium poputation, as is Hlustrated in Figure 3.9
The oscillatory period is 2m{ab)~1*, N
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PREY POPULATION

4 6

TIME

Ficure 3.2. Oscillatiens in the population of the prev species ac-
cording to the simple Lotka-Volierta equulion (3.1). The pop-
ulation has been renormahized so that the equilibnium value H*

(denoted by the dashed line) is defined to be unity. The initial
condiunons are then #/(Q) = 0.5, P(Q) = 1.0, The coefficients here
have the proportions a = 1, b= 10, @ = 8 = I; the absuluie magni-

tude of both the populaucns, and the tme, can of cuurse be re-
scaled.

This well-known result is the basis for the logically in-
complete argument referred to in the opening paragraph
ot this section.

We now extend this analysis to the case of a system with
2n species, namely » predators with the population of the
ith species being P(HLi= 1,2, ..., n}, and n prey species
with populations f1,(f). The direct analogue of the Lotka-
Volterra equation for this n-predator-n-prey system 1s

HIHl(f) f
dt H:(f‘)[ﬂc j:El; e, f J(r)] (3.42)
dPI(I) H
— . —m . lej t * 3-41)}
py PAO[—b; + ;:1 Bi;H ] (
with /= 1,2, ..., »n. Again, all the parameters a;. i s Bis

are positive numbers, For the trophic web with n® links
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(h), this sct of equations provides a

Nustrated in Figure 3.1 | rovi
ue of equanon (3.1) tor Figure

model which 1s the un;ilug

3.1(a). | | |
The equilibrium populations 77 for the » predator

species are given by settintg the terms in the square brackets
m equatinn (3.4a) t‘qu;il (v zero. The consequent set of n
linear equa[iﬂns may be written rﬂm]}ﬂt‘ﬂy in matrix form
as

(3.5a)

a P* = a.

Here a is the n X n matrix with elements ay; P* the n X 1
column matrix ol the equilibrium P¥, and a the column
matrix of the ¢, Similarly for the equilibrium prey popula-

tions /¥,
B H* =b. (3.5b)

In order that the model make sense, the coethcients are
assumed to be such that equations (3.5) give finite posiuve
values for all populations at equilibrium: this 1s the only

restriclion.
The community matrix which characterizes the stability

of this muluspecies system is now obtained by applving the
recipe (2.13) 1o the equanons (3.4). Itis evidently a 2u X 2n
matrix, partitioned into four n X n blocks:

e -

{-ememeanan= _ (3.6)

wlla,
I
R S

The two diagonal blocks, corresponding to prey-prey and
predator-predator interactions, are n X » null marices;
a* and % are n X n matrices with clements

af; = Hf a,, p% = P¥ 8, (3.7)

respecuw‘:l}-‘. This multspecies commuinty matrix for the
web of Figure 3.1(h) is to be compared with that of equa-
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tion (3.2) for Figure 3.1(@). It may he
eigenvalues of this matrix occur in " PAaIrs, each pair hay
ing the r“.rm AN=C+ 1€ —{ —if. That 1S, for every Eigtn:
value h;wmg‘a' negative real part, there is a COMpanion
having a positive real part (May, 197}. alternatively the
more general result of Appendix 11, P- 195, applies f;ert:J
Consequenty, either all the eigenvalues have real parl*;'
zero, In which case we again have neutra| stabilicy | |

least one eigenvalue has a positive real
lem 1s unstable,

seen that the 9,

r al
Part, and the sys

F

i 5

bl Bl I I R

Populotion

Prey

{ e
———=H ny
l A w4 Ao H‘
L T
I 2 3 4 3
Time

Frevre 3.3 Oscillations in the prev species pupulations, H, and
H,, poverned by a particular equation of the form (3.41. The
populitions have been resculed sa thac the equilibnum »
(dlenoted by the broken line) are unuy. The il condiions are
[0y = 0.5, {40) = {1 = Py0) = L0, The coethcients in this
particutur example have the proportions ¢y =@, =3 ap=an=2
@ =cy = L0 =40, b, =20, 8, =3 =By =B~ 1
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Thus this r-predator-n-prey system ai best has the same

stabiliry prﬂperties as the cm'rﬂﬁpmldmg nne-predamr-

' : » mulfispecies system 1s
one-prey model, and in general the m P y

unstable rather than merely oscillatory.
Figure 3.3 illustrates the behavior of the prey popula-

Gons in a numerical solution of a 2-predator-2-prey sys-
tem for the neutrally stable case, that is when all 4 eigen-
values of the community matrix lie on the imaginar}f alxlis.
The predator populations behave simitlarly, The uutila]
disturbance from equilibrium in one of the prey species
here is the same as that for the (only) prey species in
Figure 3.2; the other species are initially unperturbed. We
observe that the populations oscillate with amplitudes
much the same as for the simple one-predator-one-prey
system illustrated in Figure 3.2. Since two frequency com-
ponents are present in Figure 3.3, in contrast with the
single frequency (3.3) in Figure 3.2, the oscillatory patiern
is more complicated. More generally, a purely osciliatory
n-predator-n-prey system will have an oscillatory pattern
synthesized from » frequency components, and the ampli-
tude of oscillation will still usually be similar to that for a
one-predator-one-prey system with similar initial condi-
tions.

Figure 3.4 lllustrates the prey populations in a numerical
solution for the case of an unstable 2-predator-2-prey
system, that is when at least one eigenvalue of the com-
munity matrix lies in the right half of the complex plane
(ct. Figure 2.2). The behavior of the two predator popula-
tions 1s similar, with one first being eliminated, and the
other then setting down to oscillate. Here the equilibrium
condittons, obuained by solving equations (3.5), have little
relﬁx:fance, ds any small disturbance will grow in time until
species are eltminated and the system simplifies itself to a
one-predator-one-prey commumity, which is then neces-
sarily purely oscilatory,
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Ficure 3.4. Behavior of the prey populations, H, and .. in an-
other particular example of the general equation (3.4). Here the
initial conditions are H{0) =09, H{h = P () = P,{0}= 1 0. and
the coethcients in equation (2.2) here have 1he pProporuons u, =
ay = 3, e ] = Qo = 1, Ko = xyy = 2, ‘f*'l = 4}, h:!: 20, ﬂll = 3, HI: =

By = B = L. The broken line again represents the “equilibrium”
populations, renormalized to be unity.

As stressed by Kormondy (1969, p. 97), one feature
suggested by the Lotka-Volterra predator-prey equations
(3.1) has substantial practical imphcations for pest control
strategies. If both prey and predator populations are re-
duced from their equilibrium values, for example by appli-
cation of pesticides, the dynamics of the system leads to a
consequent further reduction in the predator numbers,
and an increase in the prey abundance beyond its onginal
equilibrium value. This feature remains true in our
neutrally stable n-predator-n-prey models (3.4) tor any
factor which reduces all populations below their equilib-
rinm values.

The above results may be generalized n two respects.

Firét, although these resulis have been stated for the
multispecies generalization of the lLotka-Velterra equa-
tions, they can be extended to the wider cluss of models
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species, with populations

where we have m interacting it
the special torm

N 1), governed by m equations of

dr ) ANDGHNG Ny -0 Njyo oo Nay = 2), (3.8)

At

with:=1,2,....m That is, in the growth rate ol the nh
species, the dcependence on the spectes tself (/) can be

factored out from the dependence on all the other species

(G,, which can be a function of all the populations N, ex-

N, itself). Furthermore we assume that the m non-

[TE[][
1€

zero equilibrium populations are obtained b} Sﬂh"'il."lg {
m equations &y = 0. This factoring condition 18 admittedly
artificial, but apart from this the functions F; and G; can be
arbitrarily complicated. The n-predator—p-prey equations

(3.4) are clearly a special case of this general form (3.8),

with F(N) = N, and simple linear ;. The assumptions im-

ply that the diagonal elements of the community matrix

are all zero: a; = 0. The result discussed in Appendix 11

(p. 195) then says that. just as for the earlier model (3.4),
disturbances from equilibrium here in (3.8) lead at best 1o
purely oscillatory behavior (when all the community
matrix etgenvalues lie on the imaginary axis, having real
parts zero). More usually the equilibrium 1s an unstable
one, in the sense of Figure 2.1{a), and the system purges
selt of species until it is simplified to a neutrally stable one.
For further details, see May (1971).

Second. returning to our model (3.4), we may remove
the restriction that the number of prey and ‘predatnr
SPEC.iES be equal. Suppose we have m predator and prey
speaies, with for dehiniteness w > n, say m=n+¢. We
now have n + ¢ equauons for the n variables H¥, and 1t
must be that only 1 of these equauons are linearly inde-
pendent. with constraints on the coeficients b and B
ensuring that the other g equations are conststently re-
dundant. For the n + ¢ variables P¥ we have only n equa-
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tions. which means that ¢ of the p¥ ¢ be chosen arbi
]-

trarily, and the remaining » then determined (subiect
overall to the condition that all P# be positive). The cniae

quent stability an:ixly:;is ytelds 2 cigenvalues OCCUTTIng in n
pairs exactly as In the -n-prerlamr—-n-prey system, along
with a furtl?er g eigenvalues which are ]| identically zerq
cﬂrrespﬂn;}lllg _tlﬂ l};i g prlfdamr populations which can be'
varied arbitrarily. Thus the result - ' :

essentals, /  above is unchanged in

The consistency relations necessary to have 4 redund
equations may be argued to be “infinitely unlikely” in na-
ture. Such a viewpoint, which may be put in algebraic form
(as here), or in geometric or topological form (e.g. it is
infinitely unlikely for three planes 1o Intersect along
one line), 1s the basis of the celebrated “number of species
equals number of resources” theorem of MacArthur and
Levins (1964), Levins (1968a), Rescigno and Richardson
(1965), and recently elaborated by Levin (1970). In the
present context, this theorem would say that necessarily
m = n. Although possessing undoubted elegance and
affording insights in certain circumstances, this theorem
1s often tautological 1n application. When one finds 3 sys-
tem where the number of predators exceeds the number
of prey species (their resources), one observes that dif-
ferent utilizations are made of the prey by different pred-
ators, so that one prey species may represent more than
one resource, This way of defining away the difhculty is
not very different from regarding the “infinitely unlikely”
constraints as being in fact fulhlled.

In conclusion, we emphasize that whether or not the
Lotka-Volterra equations are applicable to real-world
situations is beside the point being made here. which is
that simple mathematical models with manyv species are in
general less stable than the corresponding simple mathe-
matical models with few species.

1
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MODELS WITIH SPECIAL SYMMETRIES

There is a body of Iiterature dealing with muluspecies

| otka-Volterra madels with special symmetries among the
InLeraction parameters. In passing, it 1S well to review
these. We first discuss such models for predator-prey sys-

tems. and then for competors.

Predator-Prey Equations with Antisynunetry

A much discussed generalizatic}n of the Lotka-Volterra
equtions to m interacting species, with populations N(),

n

ST
| NG _ N = S e, (3.9)
dt =

where the interaction coefhicients «;; are antisymmetric:
oy = —ay; (and so the diagonal elements dre zero, ay; = ().

Obviously this system is a quite spectal case of the
general form (3.8) discussed above. It 1s related to, but
more special than. our »-predator-p-prey equation (3.4),
In (3.9), if the coefhcient a;1s posiuve, the jth species preys
upon the «th, and conversely, if «;; 1s negative, the jth is
preyed upon by the ith, so that a given species can act as
prey and as predator in its several interactions., Our model
(3.4} 1s more restricted in that clear distinction 1s made be-
tween prey species and predatoy species; there are but two
trophic levels (ci. Figure 3). However the antisymmetry
confers very special properties on the system (3.9). In our
model (3.4) we would recover the essentials of (3.9) it we
were 0 demand ;= a;;.

The possible equilibriun populations, N¥, are obtained
tn the usual way by serting the terms in square brackets in
equation (3.9) equal to zero:

T 'S ‘ 57 " s 7 1 . -
purameter B Replacing Kerner's &, by Nyg,, and his ay; by B8icey, leads

inomcal o (5.49),

a(
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n

— ”
(i Z{ N F. (3.10,

As first noted by Volterra, a tonsequence of the
meiry 18 that the system (3.9) exhibirs Pure|
hehavior when displaced from equilibrium. This is because
the Ejgenva]ues‘; of an antisymmttric Matrix are ﬂEtt;s-
sarily all purely imaginary numbers, corresponding 1,
neutral stability. (Although the COMMuUnity matrix has ele.
ments a; = —Njwy, rather than simply —a,, the theorem
still applics: see Appendix 11, p. 184.) This underlines the
special nature of this system, and is 1o he contrasted with
the more general results obtained from our multispecies
equation (3.4) of the preceding section (which alveady is
special enough). *

Physically, the magnmiude of the coefficient o;; can be re.
garded as a measure of the predator’s efficiency, and the
antisymmetry expresses the assumption that the predator
populations’ gains are all directly proportional 1o the prey
pnpulzuinns’ losses. By a more explicit discussion. along
the lines laid down by MacArthur (1969, 1970), we can
show the antisymmetry to tollow if the biochemical conver.
sion efficiency of one gram of a resource (say the prev
species labeled ;) 15 a constant C; for members of the ith
predator species, quite independent of which prev species
is being eaten, Le. independent of ;. This assumption is
open 1o critictsm, and Kerner’s (1969) and Leigh's (1963,
1968) suggesuon that antisymmetry mav represent a good
approximaton, with realistic corrections tending to have
canceling effects, although appealing seems to have littde
empirical foundation.

(Given the system (3.9), and the equilibrium populauons
N¥, Kerner (1957) showed that the quantiwy

Al iSym-
¥ '?Jﬂcil'.a[f:rr)r

i

‘ P = E (N = N* o N) (3, 11)

=1
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is conserved. This may be verified by differentiating (3.11)
and using equations (3.9} and (3.10) to get

% — i ( - N’:k'}ﬂgu(h'_i — i T_T) (312)
Q=1

The quadratic form on the right-hand side automatically
vanishes if the matrix a 1s antisymmetric, establishing the

conservation law that @ remains constant as the popula-
Hons N.({) vary according to equation (3.9).

This conservation law is associated with the purely oscil-
latory. neutral stability ot the systen. In just such a way 15
the conservation of mechanical energy associated with the
neutral stability of the [rictionless pendulum. Once such a

constant of the motion has been found, one can invoke
hinery of statistical mechanics.

out by Kerner (1957, 1959,
), and most recently eforesc-

from physics the whole mac
Such a program, as carriec

1969) and Leigh (1968, 197]
ing in the work ol Goel, Maitra, and Montroll (1971), con-

structs a “tempcrature” which measures the average devia-
tion of population numbers from their average values
N7, an equipartition theorem, an expression for How of
"heat” between weakly coupled systems, and so on., For
lucid reviews, see Kerner (1969) or Leigh (1971).

These results are undeniably very elegant, but they are
fragile, as they ultimately rest on the precise antisymmetry
of the «; coethcients; the underlying conservation law
(3.11) is much less robust than the spatial and temporal in-
vartance of the laws of physics which underpin conven-
tonal statistical mechanics. As emphasized by Lewontin
(1969), the mode] iiself is structurally unstable.

A disquieting point, hrst remarked by Volterra (1931,
1937), and acknuwledged by all others since, is that the
rnnd'els apply only to systems with an even number of
species. They relate to a 60-species community, but not to
a bl-species one. Nor is this some minor peripheral [ea-
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wre. The ﬂl]liﬁ}’ﬂ]ﬂl{flr}' implies that the COMMunit
eigenvalues occur in complex conjugate pairs
imaginary axis: this lack of damping or growth
associated with the central conservation law: but equally it
implies there must be an even number of Species [nthln
wise the odd, unpaired, eigenvalue must necessarily he

sevo, leading (o a bothersome singularitv in the COMMunity
matrix). Thus the conservation law (3.1 1) and

Y Matrix
ONn the
IS intimately

| the restric-
ton to an even number of species in the community have

the same truth content. Some peaple are untroubled by
this. Kerner (1961) has discussed in detai] the dynamicﬁl
process whereby a community with an odd number of
species collapses to an even-numbered one, and in particu-
lar how a 3-species such system collapses to a 2-species one.
Deakin (1971) has exhaustively catalogued all the topologi-
cally distinct food web structures compatible with (3.9) for
the commumities with wm = 2.4, 6, 8, 10 species. My view is
that such constraints border on the ridiculous, and high-
light the unwholesomeness of the models.

In short, I am skepucal of any interpretation of the fluc-
tuations observed 1n natural populations which is based on
the pathological neutral stability character of a set of
specially antisymmetric Lotka-Volierra equations.

A more technical criticism 1s that if the system 1s too
richly connected, in the sense that too many of the species
interact with each other (too many of the «o;; are non-zero),
the methods of statistical mechanics are inapplicable be-
cause the ergodic hypothesis —a particular sort of random-
ness assumption — fails. This point, raised by Goel (see the
review in Rosen, 1970, p. 296), not only cuts at kerner’s
and Leigh’s work, but again reminds us that too much com-
plexity in our multispecies system 18 not necessanly

helptul.

53



STABILITY V. COMPLEXITY

Competition Equations with Symurelry

Another interesting svstem is that for a single trophic
level having m competitors, with populations N;:

N

AN _ N, ~ E agN (D], (3.13)
di =
withti=1,2, ...,m Herecitis required that all «; are

positive, and all a;; are, at least, not negative. Unlike the
earlicr models defined by equations (3.4), (3.9), or even
(3.8), these equations contain exphlicit intraspecific interac-
tions. The self-interaction cocthcaents ay; are no longer
zero. Thus, as remarked carlier (p. 42), it can now be

said without reservation that, although the equations (3.13)
are unrealisticaily simple, they do characterize the stability

properties of a wider class of models, to which they are the
first approximation in a Taylor series.

So far the system (3.13) 1s rather general. By making the
speclal symmetry assumpuon o= az, MacArthur ( 1.970)
showed that the quadratic form

Q=S (N ~ NPay(N) — N (3.14)

sz]

1s minimized by competition. That is,

AQ(¢)
=0 (3.15)

Here the N'* are, as usual. the equibbrium populadons,
given agam by equation (3.10). 1 have rewritten MacAr-
thur's ) in an equivalent and more manifestly symmetric
form, which will be helpful below.

The proof of the assertion (3.15) proceeds by differen-

[J{A:::::i:’ ?ij"f":‘a"‘”(;”l‘i (1970) equation contains an extra Filor ),
Attnicat torm (3,13) can be recovered by renlac) R
by N, and his o, by a/C.C,  replacing MacArdw's
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tialing equation (3.14}) for ), and using the basic d

namical equaton (3.13). Further using the relation 3 l(yj_
(o EXPress the «; 10 terms of a4 sum over the {'n{:fﬁti[‘nl; cr}
and the p{:pulatimlﬁ N¥, we get !

Ei% - 2 |INa; i (N — NBa HN; — N¥)
(i i gk

-+ (Jﬁ\'r,‘ —_ N?)ﬂ”h’riﬂ[jk(h‘rk - u"’hrz}] {3 16)

[n view of the symmetry property o;; = o, this may be re-
writiern as

dQ(” ] . .
=2 ; NiOLJOTF, (3.17)

where we have dehned

]

Jit) = 2 N (1) — N (3.18)
k=1

Since all the populations must be positive numbers, and
each squared quantity /7 must be positive, the result (3.15)
follows. The equality d@ /dt = 0 obviously pertains if and
only if all /; are zero, which is to say at the equilibrium point
where all populations have the values N¥,

This result is especially interesting if, as i1s usually the
case, the matrix of competition coefficients a; is positive
dehnite (1.e. if all its eigenvalues, which are necessarily real
because the matrix is symmetric, are positive). In this
event, the quadratic form @ is necessanly also positive
definite,

Qi > 0 {3.19)

for all population values, with the exception of the equilib-
rium pomt where ¢ = 0. The properties (3.19) and (3.15)
constitute the definition of a Lyapunov function, as dis-
cussed eurlier. Conscquently the full nonlinear global
stability analysis of the syster is here legitimately desc ribed
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;mul}fﬁis. This 18 a usefuy]

by the lincarized neighborhood

fact, | .
In pictorial terms. Using N Na, ..

can plot { as Jandscape whose prin?ar}' teature 1s :.-’;'n?gu-
lar valley. A point an this landscape 1s @ €t {TF_P”P” ations
of N, and our theorems say that as C”mpm;”:lni] acts, t}'lE
point moves down the landscape. fhe‘ equilibrium Ffﬂlm
being the lowest pomt of the vallﬁ- If the bottom _”f the
valley has some negative .\ coordinates, those species are
eiimi‘nated" (MacArthur, 1970, p. 10).

Under certain restrictions, a physical interpretation of ()
can be given, as the square ot the deviatiﬂn'nf ava il‘a‘hle
production from the species’ intrinsic harvesting abilities,
We shall develop this further in Chapter 6.

All these results hinge on the special symmetry assump-
tion. As mentioned above, MacArthur’s physical justifica-
tion can he seen to rest on lthe postulate that the bio-
chemical efficiency of conversion of grams of any resource
(fabeled j, say) into grams of the population N;1s a con-
stant (;, which depends only on the consuming species ¢,
and not on the different resources. In general one migh
expect this factor to involve both 7 and j: Cy;.

In the work on the predator-prey equatons (3.9), the
special antisymmetry is absolutely essential; if it is broken
by the smallest amount, the conservation law (3.11) 1s lost,
and with it all the consequent theoretical edifice. What
happens if the exact symmetry is broken in the com peti-
tion equations (3.13)?

It can be shown that the expression (Q(f) remains mini-
mized by competition, that is equation (3.15) remains valid
if the symmetry of the compeunon coeflicients is violated
by an amount small compared to the smallest eigenvalue
o the oy I]"tﬂ[l'i}i. Thal iS, wWe Can IUIE‘TE{[E A Syml]l{-:[ry break_
inglsmsh that a; = a;; + €;;, provided the quantities €;; are
'vprcally small in this sense. The result uses (he fact that
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the eigenvalues A1) of a matrix 4 =
smoothly from the eigenvalues A(A)
matrix «f by amounts of the order
sumption small.

A+ eB differ

of the original
of €, where ¢ js by as-

In summary, the minimum principle ex
tions (3.14) and (3.15) i1s an elegant resul
that it can justify the congruence hetween neighborhood
and global stability preperties for these model eCosystems
Although fragile in requiring that the competition CﬂEﬂ:l:
cients be symmetric, MacArthur's work is not endowed
with quite the same fragility as the corresponding antj-

symmetric predator-prey models. The essential cdifference
between the structurally unstable results for the anti-

symumetric case, and the structurally stable results for the
symmetric models, is that the former require all the eigen-
values of the community matrix to lie exactly on the im-
aginary axis, whereas the latter have no such extreme re.
quirement,

Toward the end of his paper, MacArthur (1970, Sect. 5)
notes that the symmetry in his model has one remarkable
consequence, which follows from the mathematical fact
that if an m X m symmetric matrix is augmented into an
(m+ 1} X (m + 1) one by addition of an extra row and
column, the smallest eigenvitlue of the augmented marrix
15 less than, or equal to, that of the m X m matrix. Thus.
m MacArthur’s words, “when an additional species is
added to a community of competitors with syinmetric a
matrix, the stability as measured by the smallest eigen-
value cannot mcrease and usnally decreases.” Actuaily, the
matter 1s not as simple as put in MacArthur's paper. since
the stability behavior depends not only ou the a matrix but
also on the equilibrium populations V¥ thatis the stabilicy-
setting community matrix has elements ¢y which are not
stmply —«,;, but rather are —\¥q;;. (An extreme example of
this point is provided by equation (3.3) for the two-species
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where the eigenvalues manifestly

otka-Volterra model.
" inot a-type coefh-

involve only a-type parameters, and | '
1 more careful consideration seems to

ctents.) However, eful | cems
MacArthur's conclusion intact 1n essenuals. The

Prﬁfn?? ithi 1S SV del not only 15 the
upshot is that within this s3 mmeu‘m no | y}

general (m + ]}-species community le.s:-; stable 'tlmn E.m
m-species one, but 1n particular any 511‘1glel species by it-
self is more stable {(i.e. has a quicker damping time) [hz{n
any two-species asseinbly, and so on, This theorem again

sounds ocur theme: the more the species 1n this single
trophic level model, the less the stability.

STABILITY AT ONE TROPHIC LEVEL
VERSUS WEB STABILITY

Before moving on to more general kinds of model, we
pause to take up the question of the relation between
stability within any single trophic level and stability of
the towal trophic web, In an effort to codily the often con-
tusing held results mentioned at the start of this chapter,
various conjectures have been advanced.

Wartt (1968, Ch. 3.3) and Zwolfer (1971) have held that
stability at one particular trophic level (e.g. competitive
stability among predators) may promote overall instability
(e.g. an herbivore spectes escapes control),

Conversely, Paine (1966) has elaborated a conjecture of
Hutchinson (1961) that, although one parucular trophic
level may in isolation be unstable due to competition, the
effects of other levels (e.g. predation) can lead to a total
system which is stable. This view has received support from
Hall, Cooper. and Werner (1970), in whose freshwater
communities the bluefish plays a dominant predator role
akin to Paine’s Pisaster, and from Connell (1971), who goes
bevond his field studies on intertidal barnacles and rain
forest trees to make tentative suggestions as to the environ-
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mental conditions under which the Paine me
ltkely to operate.

To the contrary of both these viewpaoints, Holling
(1968b) has argued that stability at any one trophic level
should, by teedback, encourage stability at other levels,
and thence of the total weh. The intuition of 1he physical
scientist would support this view and the corollary that in-
stability at any one level should tend to create an unstahle
total system.

In a review of the question, Southwood and Wayv (1970)
emphasize that there is unlikely to be 2 general answer
which is not bound up with the topologteal details of the
particular web under consideration.

Our mathematical models can make a contribution (o
this discussion,

To this end, consider the simple 2-predator-2-prev com-
munity obtained from equation (3.4) by adding explicit
competition between the two prey populations:

chanism s

{H {{
£ d: ) — f';i(!)[fh — 2 E,'jHj(f) — 2 {IUP.E(”] (3*203)
APl |

a = PO=bi+ Y Byt (), (3.90b)

Here the indices / and j take the values 1 and 2, and the co-
efhcients €; measure the direct compeution between and

withm the prey populations. In a like manner, we could
alternatively introduce direct competition within the
predator trophic level,

First suppose both predator populations are consirained
o be zero, so that the community comprises only the two
competing prey spectes. The criterton for this single
trophic level system to be stable is the familiar

EliE‘_‘*_' — EIEE*_‘] } O. (3.211
Equation (3.21) tends to require that cach species en-
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sTABILIT vV,
stress [from its own, rather

counters greater compculnve

than from the other. species. o
To study the stability of the full four-species web whose

dvnamics are given by equation (?E*QU}, .il IS Necessary to
S{;IVE a quartic equation for the four ElgElﬂ:H—]LIES 'ﬂf .the
community matrix. It is obvious that [lhe sta‘hllxty crltlermn
for the full sysiem will not be identical with the simple
criterion (3.21). Even so, it may be seen (May, 1971) that
this more complicated stability condition usually does
manifest certain similarities with (3.21), in that rel;uively
large values of €, Or €, make for stability, and relatively
large values of €, or €, for instability, nf‘ t'he [U}ﬂi system,
To comprehend the structure of the stability criterion for
the four-species system, we take the pathologically simple
case of “equal predation” (Parrish and Saila, 1970), where
the stability criterion can be shown to have the specially

simple form (May, 1971)
€+ € — €, &5 > (. (3.22)

We note that (3.21) and (3.22) are by no means identical,
but that random choices of the four parameters will in
general tend to satisty, or not to satisty, both equations
together. Try it. However, as an extreme example, 1l €,, =
0 and e, > €, €, then (3.22) is satisfied and (3.21) is not,
exhibiting the behavior conjectured by Paine. Conversely,
if €,=10 but €, ® €,,, €., (3.21) is satisfied but (3.22) 15
not, exemplifying Watt’s conjecture.

In this context, it is instructive to review the work of
Parrish and Saila (1970). Motivated by Paine’s conjecture,
they consider 4 I-predator~2-prey system governed by the
analogues of equations (3.20) with but one predator popu-
lation. Beginning with prey systems competitively unstable
in the absence of predation, they carry out computations
1o see whether including predation can stabilize the total
system. However, the numerical coefficients they huppen
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to choose always leave the total system unsiub)e although

the doomed prey species often persists much longer than
in the absence of predation. Thus Parrish and Suila’s

computer experiments do not in fact vield an example
illustrating the working of Paine's conjecture, hut rather
bear eloquent witness to the general tendency for single
Jevel stability and total system stability ta go hand in hand.

An analytc investigatuon of Parrish and Satla’s model

Fioure 3.5. Hlustrating how stability within one trophic level in
isolation (herve prey stability with respect 10 compertition in the
absence of predators, as measured by the criterion (3.21)) 1s re-
lated 1o wial trophic web stability there, for the very special case
of "equal predation,” measured by the criterion {3.22)). in the
two-predator — two-prey system (3.20).

The stability criteria involve the parameter rauos €./€, (the
¥ axis), €.4/€;, (the x axis), and €, /e, (the : axis. not shown): a
typical 2-climensiomal slice across this 3-duocnsional patamerer
space is shown, numely the fixed value €,, = 3€;,. The upper leht
region corresponds to bath single level and wtal web being stable;
the tower right region 10 both unstable, The smadl, honzonmalhy
hatched region in the center corresponds to single-level mirinsic
stability atong with towl web instahiliey (Watt's conjecturel, while
the two small vertcally hatched regions have single-level insw-
bility redeemed by total system stability (Paine’s conjecture).
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(Cramer and May, 1971) shows that in the event f]f “equal
predation,” which is considered lhrc'ni:ght?ut thti;lr paper,
the criterion for total system stability 1s agan (3‘,22).
Armed with this insight, one may seek out the relauvel}z
small corner of parameter space where indeed the condi-

ton (3.21) is violated hut (3.22) is satished, thus illus-

trating Paine’s idea. | |
These remarks are borne out by Figure 3.5, which shows

the relation between single level stability (accnrdinglm the
criterion (3.21)) and total system stability (according to
the very special criterion (3.22), which tends to chahrac-
terize more general total systems), for various values F}f the
competition parameters. To keep the hgure two-dimen-
sional, we put €, = Jey,.

In short, these general mathematical models point the
way to a synthesis of the views outlined above, We see that
the criteria for stability at any one level and for the total
system are not identical. However, the criteria tend to be
similar, so that usually stability at one trophic level tends
to go along with stability of the total web, and conversely
with instability. Nevertheless, by judicious choice of the
various competition and interaction parameters, it can be
arranged that one level would in solation be stable, but
that the total system is unstable (Watt’s conjecture); or,
alternatively, it can be arranged that, although one level
would in 1solation be unstable with respect to competition,
the total web is stable (Paine's conjecture). Whether natural
evolutionary processes seek out these special corners of
parameter space is another question,

RANDOMLY CONSTRUCTED WEBS

We now move on to take a more abstract view of the com-
munity of interacting populations. Rather than deal with
some actual set of differential equations for the population
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dynamics, we define and discuss the mode)
terms of the community matrix 4. As .
Chapter 2, assumptions as to the biological construction
of the food web correspond to assumpuions ahout the
structure of 4. In turn, the eigenvalues of 4 tel] us the
stability consequences of these biological assumptions,
Recently Gardner and Ashby (1970) have studied the

stability properties of large complex systems whose com-
ponent elements are connected at random. Their conclu-

sion, based on the trend of computer studies of SYSLES
with 4, 7, and 10 variables, is that such systems may he eX-
pECtEd to be stable up to some critical leve] of connéctance,
and beyond this point to go suddenly unstable.

We proceed to elaborate this work. Following Gardner
and Ashby, suppose we have a community comprising
m species, each of which would by itself have a density-
dependent or otherwise stabilized form, so that if disturbed
from equilibrium 1t would return with some character-
istic damping time. To set a time-scale, these damping
times are all chosen to be unity; that is each population in
isolation would contribute a community matrix element
a; = —1. Next we “switch on” the interactions. The web
connectance, C, expresses the probability that any pair of
species will in fact interact. It 1s measured as the percent-
age of non-zero elements 1n the matrix, or equivalenty as
the ratio of actual links to topologically possible links in the
trophic web. Consequently, of the matrix elements &;
which are switched on by the interactions, a fraction 1 — C
remaln zero.

E'Cﬂﬁjfﬁlﬂmﬁ In
mphasized in

With probability 1 — C:  b;=0. (3.23)

The remaining non-zero interaction clements are each
assumed equally likely 1o be positive or neganve, having
an absolute magnitude chosen from some statistical dis-
tribution. That is. each of these matrix elements is assigned
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ihution of random numbers,
and mean square value

f distr which distribu-
rom a dis

{ has mean value Zcro, |
thought of as expressing the average mier-
for simplicity common

tion itscl

52 s may be *
action “strength,” which average IS
to all interactions.

- chosen from random’
number distribution,
With probability €2 ;= ean = 0. mean

_square = 5=, ;

(3.24)

In short. the final community matrix for the system ran-
domly assembled in this fashion 15

A=8—1 (3.25)

The m X m random matrix B 1s as defined by equations
(3.93) and (3.24), and —/ represents the INtrinsic negative
feedhack assumed for each population, with / being the
m X m unit matrix. We thus have an unbounded ensemble
of madcls, one tor each specitic choice of the interaction
matrix ¢lements drawn individually from the random
number distribution,

[t is important to note that the randomness only enters in
the initial choice of the coefficients §;;, which then define a
partcular model. Once the dice have been rolled to get a
specihe system, the subsequent analysis is strictly deter-
INInNistic,

According to Figure 2.2, the system corresponding to the
community matrix A4 is stable if and only if all the eigen-
values of .4 have negative real parts. For a system with a
?;pt:ciﬁ&d number of species m, connectance (., and average
Interaction strength s, it is interesting to ask what is the
probability P(m, €, s) that a particular matrix drawn from
the ensemble will correspond o a stable community,

For large m, analytic techniques developed for treating
large random matrices may he used to show that the com-
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munity mairix 4 will be almost certainly stable, P{m. ¢ i} ~>
L if (May, 1972b) .

s{mCY!"* <2 || (3.26)

and almost certainly unstable, P — 0 if

s(mCY'"” > 1, (3.27)

The transition from stability to Instability as s increases

from the regime (3.26) into the regime (3.27) is very sharp
for m 2 1. (Plausibility arguments suggest the relative
width of the transition region scales as m=%%) The central
feature of these results for farge systems is the sharp tran-
sition from stable 1o unstable behavior as either the num-
ber of spectes m, or the connectance C, or the average inter-
action strength s, exceeds a critical value.

Such a definite answer for any model in the ensemble in
the limit » 2 1 1s a consequence of the Familiar statistical
fact that, although individual matrix elements are liable

Ficure 3.6. The asympiotic (m > 1) analvtic resull embodied in
equations (3.26) and (3.27), and shown by Lhe dashied hine ht:_r:. S
contrasted with numerical Monte Carlo studies of the dominant
eigenvalue of random muatrices ol varigus sizes. We hx the root-
mean-squate interaction streagth v =05, and the connectance
€ = 1, 1o show the largest real part, R(A), of eigenvalues af matrices
drawn from such cusembles. The mean values and standard dt_-n-
auons coming {rom such g computer study areshownasa fan tity
of ' ° lor variows .
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Fioure 3.7. As in Figure 3.6, except now it the computer studies
we fix ¢ = (.5, the number of species m = 40, and vary the connec-

"ance (.. The numerical results for the largest Kiajare displayed as

. o : N LT _ . o
2 function of (% again the dashed line is the asymptoue analy

approximation. as in equatinns (3.20} and (3.27).

to have anv value, by the time we have an m X m matrix
with essentially m? such statistical elements, the total system

will have relatively well-defined properues.
These conclusions come from the trivial observation that

the eigenvalues of 4 are A(4) = A(B) — 1, together with the
result that the largest real part of the eigenvalues of the
random matrix # is asymptotically s(mC)'=. The analytic
result can be buttressed with Monte Carlo computer
studies of the eigenvalue spectrum of random reual matrices
(McMuruie, 1972). In Figure 3.6 we hxs= 0.5and C =1,
and show numerical results for the largest eigenvalues of
matrices drawn from such ensembles, for various m.
Figure 3.7 shows like results for fixed s= 0.5, m = 40,
and varying connectance C. Although our analytic re-
sults are based on the assumption that m ® 1, and are
therefore only approximate when applied to moderate
m, they agree well with the numerical experiments.

In brief, this ensemble of very general mathematical
models of multispecies communities, in which the popula-
tiont of each species would by itself be stable, displays the
property that too rich a web connectance (too large a C)
or too large an average interaction strength (too large an
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) leads to insiability. The larger the number of
the more pronounced the effect s,

Two corollaries are amusing, althouy
be taken too seriously.

pecies,
h lhf}' shold ot

First, notrce that two different systems of thi, kind, with
average interaction strengths and connectances S, . and
s, Cp, respectively, have similar stability character if (see

equation (3.26))
,lj.‘:fct = ";%CE'

Roughly speaking. this suggests that, within a web, species
which interact with many others (large €) should do so

weakly (small s), and conversely those which interact
strongly should do so with but a few species. This is indeed
a tendency In many natural ecosystems. as noted for ex-
ample by Margalet (1968, p. 7): “From empirical evidence
it seems that species that interact feebly with others do
so with a great number of other species. Conversely.
species with strong interactions are often part of a 5}'505:;1'1
with a small number of species. . | "

A second teature of the models may be illustrated by
using Gardner’s and Ashby’s computations (which are for a
particular interaction strength) to see, for example. that
1 2-species communities with 13% connectance have a
probability essenually zero of being stable. whereas if the
interactions be organized into three separate 4 X 4 blocks
of 4-spectes communities, each with a consequent 45 con-
nectance, the “organized™ 12-spectes models will be stable
with probability 35%. That is. of the infinite ensemble of
these particular 12-species models. essentially none ot the
general ones is stable, whereas 35% of those arranged into
three “blocks” are stable. Such exampies suggest that our
model multispecies communities, with given average inter-
action strength and web connectance, may do better it
the interactions tend to be concentrated in small blocks.
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1SLT] iformly thr out the web—
ather than distributed uniformly throughe
again a feature observed in many natural ecosystems,

MISCELLANEQUS OTHER MODELS

In a most interesting if difficult paper, quite independent
of the work covered so far in this chapter, Levins (1970b)
has observed that: “A number of quite independent Iinffs
of argument converge toward the assertion that there 1s

oftent a limit to the complexity of systems.
* ¥
One of the main such arguinents draws upon Kauftman’s

(1970a, b) work on large randomly constructed nets (see
also, Slone, 1967, and Burns, 1970). This analytic and com-
putational work, which is still in a developmg state, 1s
motivated toward understanding how metabolic stability
emerges from nets of interactions between thousands, or
even millions, of chemical species. The emergent mathe-
matical insights may, however, be bent to ecological pur-
poses. The principal {eature of these randomly assembled,
determiistic nets 1s that sensible results are found only
tor nets with low connectance. In nets where each element
receives inputs from too many other elements, the system
extubis physically unreasonable state cycles with times
rapidly becoming astronomically large; the existence of
longish loops in the structure also causes instability, This
obviously supports Levins' (and our) thesis.

Levins also refers to the associated, but more qualitative,
work of Ashby (1952), who in his design for a brain argues
for lousely coupled subsystems as optimal,

Another of Levins’ lines of argument rests on the stabil-
ity properties of general systems, whose structure is char-
a azed by a matrix «;;. This work, although different in
detall, is in the same spirit as that of the preceding section.
Levins’ conclusions are essentially based on the sufficient
stabtlity criterion s < m™', which is much weaker than the
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3

|

Fiooutre 3.8, A schemaue representition of 3
sunple trophic web with three levels. Such a web
may be visualized as a plant species (1), an her-

bivore species {2), and an omnivere (3). which eats
both (1) and (2),

full necessary-and-suthcient condition (3.26). but POINts
in the right direction, namely that too many strong hnks
will lead to a system which ts almost certainly unstable, In
other words (Levins, 1970, p. 86): “The dynamics of a
broad class of complex systems will result i simplification
through mstability.”

In his mnteresting paper on the systems analvsis of en-
ergy flow and population stability in relativelv simple food
webs, Hubble (1973) draws a parallel moral. Hubble con-
siders an example which, in essence, corresponds 1o the
trophic web of Figure 3.8, where a prev species (2) and a
predator speaies {3) also compete for a common resource
(1). He hinds the system can be unstable, but that all po-
tenttally unstable cases can be stubilized by cutting either
the trophic link between 2 and 3 or that between 3 and 1.
As Hubble says, “This simple example . . . llustrates that
the trophic complexity of a food web need bear no neces-
sary relationship to its dvnamic stabilny —a relationship
that has ofien been asserted 1o exast.”

Yet again, Smith (1969) has considered models based on
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cies straight chain ecosystems. If the
initial simple system is stable, additiﬂln;il mrnplicatlf)n and
diversity can usually be grafted on wuh.uutl destroying th.e
smbiii:ﬂ,'i On the other hand, it the+ basic 51m]:ille S}jS[EI]’l 1S
unstahle. the addition of complications and diversity gen-

simple 3- or 4-spe

erallv makes things even worse,

QUALITATIVE STABILITY

In one form or another, all the work discussed so far
makes assumptions about the magnitudes of the interac-
tions between species in the community, that is, abx;::ut the
magnitude of the elements in the commurnity mat:_*lx.l |

What can be said, knowing only the signs of the individ-
matrix elements (#+, —, or 0), and nothing else?

n gencral, if a matrix can be shown to be necessarily
stable (i.e. all eigenvalues having negative real parts),
altogether independent of the actual magnitude of the
non-zero elements, the matrx 1s called “qualitatively
stable.” This 1s an important subject in mathematical eco-
nomics, where often no quanutative information is avail-
able (Quirk and Ruppert, 1965: Maybee and Quirk, 1969).

The situation in ecology is similar. The sign of the com-
munity matrix elements can often be found by inspecting
the food web diagram, even in the totul absence of any
quantitative data, This intimate association between the
sign structure of the community matrix and the qualitative
nature of the biological interactions was emphasized
earlier {p. 25).

The necessary and sufficient conditions for a1 matrix to
be qualitatively stable are set out below. If the signs (+,
— or 0) of the various matrix elements satisty these de-
tatled criteria, then the system 1S stable. If the criteria are
not obeyed, nothing can be said: the matrix may be stable
or unstable, depending on the actual magnitudes of the
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matrix elements. Usually this set of muthemy
ous qualitative stability criteria will no appl

complicated real-world situations, but they still
cate general trends.

T.iL'Fi“}f rignr-
¥ exactly 1o

In mathematical terms, the necessary and sufficienr con.

ditions for an m X m matrix A4, with clements q,;, to be
) ' _ iy
qualitatively stable are (Quirk and Ruppert, 1965):

(i) ady; = 0, ﬂll l.

‘ (3.28)
() a; # 0, at least one ;. (3,99,
(i) ajay <0, all 1 # . (3.30)
(iv)} For any sequence of 3 or more indices |,
j,k,...,q,r(withi#j#k#.__;-éq;é
r), the product ayay, . . . aga, = 0. (3.31)
(v) det A # 0. (3.32)

It is worth restating the qualitative stability criteria
(i) — (v) in biological terms,

The hrst two conditions pertain to Intraspecific effects.
Condinon (1) requires that no population exhibit a de-
stabilizing posttive teedback in its intraspecific interactions,
and condition (i1) further demands that at least one popu-
lation in the community actually exhibit a self-stabilizing
effect. Condition (1) has the consequences discussed more
fully below; that symbiotic relations (++) have the same
qualitative stability character as competitive ones (—) may
not be mtuitively obvious. Condition (iv) forbids closed
loops of three or more members, in the sense that the
eftects of fon», ronyg, ..., konj, and finally j back on :
are all non-zero. Without the trivial overriding condidon
(v), reqitiring 4 to be non-singular, the system would be
under-determined; there would in effect be more popula-
tions than there were equations, and one or more popula-
tions could be assigned arbitrary values.

As an illustration of these ideas, we consider the food
web of Figure 3.8, corresponding to Hubble's example
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above. I we suppose that resource, prey, and

all exhibit intraspecific negative feedback ef-
clearly has the

discussed

predator . |
fects. the community matrix for this systemn

sign siructure L

i (3.33)

+ + -

The matrix fails to satisfy condition {1v), and therefore is

not qualitatively stable. ., may or may not correspond to
a stable equilibrium, depending on the detailed numerical

magnitudes of the various matrix elements. However, 1f
we remove the link between predator and resource (the
link hetween 3 and 1 in Figure 3.8), the simpler community

matrix has signs

A=+ — . (3.34)

This matrix sausfies all the condiuons catalogued above,
and therefore is quabitatively stable. A like result holds if
the hnk between 2 and 3 1s removed in Figure 3.8. These
qualitative stabtlity insights march with Hubble’s more de-
tailed analysis. As he emphasizes, the conclusion that the
relanvely simple web is generally more stable than the rela-
tively compiex one is at variance with the conventional wis-
dom. The example forcefully drives home the argument
of Southwood and Way (1970), and others, that one must
be cautious in making generalizations about the relation
between population stability and the number of links in
the food web structure,

It 1s easy to verify that any open, straight chain ecosys-
tem, with but one population at each trophic level and no
hnks between nonadjacent levels, will be qualitatively
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stable so long as there are no destabilizing
positive feedback effects, and at least one pe

specific feedback. The above qualitative s
ditions can bypass much cumbersome alge
relatively Sil:ﬂ ple‘circumslances where they do
may thus simplify some of the work, €.g.. of Bulgakova
(1968 a, b} or Garfinkel (1967). However. most large natu.-
ral webs will obviously violate both (iii) and {iv), so that an
analysis of their stability properties requires the Interac-
tion magnitudes to be taken into account. Even 50, the gen-
eral tendencies revealed by qualitative stability theory are
useful.

Particularly worthy of remark is condition (1), which
says that commensal (0-), amensal (0—), and general
predator-prey (+—) interactions are consistent with quali-
tative stability, whereas symbiotic or mutual (++) and com-
petitive (——) interacttions are not. This mathematically
rigorous statement may be plausibly extended into the
broader, 1f rougher, statement that competition or mutual-
1Ism between two species 1s less conducive to overall web
stability than is a predator-prey relationship. It is tempting
to speculate that stability considerations may make for
communities 1n which strong predator-prey bonds are
more common than symbiotic ones. This result is not in-
tuitively obvious, yet it 1s a feature of manv real-world
ecosystems, as observed for example by Wilhamson (1972,
p. 95): “[Mutualism] is a fascinating biological topic. but
its importance in populations in general is small.” (Indeed
Wilbamson's subsequent argument that many conventional
examples of predator-prey are in fact closer to commen-
salism or amensalism may be pursued to suggest that not a
few conventional examples of mutualism (++) are in tact
closer to commensalism (0+4). For example. in Aruego’s
(1970) delightful children's book Symbiosis. at least tour ot
the nine pairs may be held tw be commensals.)
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All in all, rich trophic complexity and.u diversity of dif-
ferent kinds of interaction betwecn species are not L'{}I]dlf-
cive to qualitative stability. Il'lﬂﬂféll'laﬁ the thEUl:}' of fll;};l.]|-
tative stability relates to the muddied C(‘f!‘ﬂplEXl[}'-S[HbllI[}f
question, it is to re-echo the theme t!mt, n general m.ﬂtf?e_
matical models, increased complexily makes for dimin-

ished stability.

CLOSED ECOSYSTEM MODELS

An interesting subclass of systems are those which are
closed, in the sense that decomposers are included, and
quantities such as total biomass and total energy flux
(allowmyg tor fixation and respiration) are conserved: e.g.
Demetrius (1963). No such constraints have been imposed
on the systems dealt with throughout this book.

Some tentative and rather formal work on such models
suggests that, on stability grounds, we may expect a tend-
ency for the energy content per unit biomass to increase
as we ascend the trophic ladder (Ulanowicz, 1972; May,
1972c). This tendency accords with the fact that animal
carbohydrates and proteins have generally higher calo-
rific values than those for plants (White, Hundler, Smith,
and Stetten, 1959; Morowitz, 1968).

Such work on closed ecosystem models is, however, still
In 4 speculative and unformed stage. We shall not re-
view it further,

DISCUSSION

We shall not attempt to recapitulate the various minor
points made in this chapter, but shall return to the main
theme, nanely that in general mathematical models of
multispecies communities, complexity tends to beget in-
“ability rather than stability,
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The oversunphified interactions between and  within
species emnbodied in the models of thig chapter may he
brought nearcr reality in many ways. we may include
destabthzing fecatures such as time delay in responses. or
saturation of predator attack capacities: or alternati;elv
stabilizing teatures such as density-dependent i'tnundil;'
or death rate. or predator switching. These complications
can and have been introduced in the aone-predator-one-
prey and other lew-species systems (as shall be seen in the
next chapter), and it is not easy to see that anything qual-

itatively new will emerge when they are introduced in an
analogous way into multispecies systems,

The central point remains that, if we contrast simple
few-species mathematical models with the analogously
simple multispecies models, the latter are in general less
stable than the former. A variety of explicit counter-
examples have demonstrated that a count of food web
links is no guide to community stability,

This straightforward mathematical fact contradicts the
intuitive verbal arguments often invoked (e.g.. Hutchin-
son, 1959; Macfadyen, 1963, p. 182), to the effect that the
greater the number of links and alternative pathways in the
web, the greater the chance of absorbing environmental
shocks, thus damping down incipient oscillations. The
fallacy mn this mtuitive argument 1s that, the greater the
size and connectance of a web, the larger the number of
characteristic modes of oscillation 1t possesses: since in
general cach mode is as likelv to be unstable as to be stable
(unless the increased complexity is of a highly special Kind).
the addition of more and more modes simplv increases
the chance for the total web to be unstable. This is ai the
heart of the several general mathematical arguments re-
viewed above.

On the other hand, the balance of evidence would seem
to suggest that, in the real workd, increased complexaty w
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Macfadyen
ted with greater stability (e.g. adyen,
usually associate 1969, pp. 84-111; Williams

81: Kormondy. .
1963, p. 181 1958; SlobodKkin, Smith,

1664: Hutchinson. 1959, Elton, ‘
and Hairston, 1967; Pianka, 1960).

There 1s no pa:adm here.,
One facet of the explanation can be that, although in-

creased complexity makes for a more unstable system, it
is advantageous on other grounds; for example it may be

conducive to a2 more thorough exploitation of the com-
munity's total resources. Then a stable environment may

permit such complexity, and also be characterized by rel-

atively unfluctuating populations. But an unstable en-

vironment may drive population nstabilities which the

complex system is in general ineffecuve m damping, with
the consequence that such environments may be typifed
by relatively simple systems and relauvely unstable pop-
ulatons. In short, complexity and population stability
may well be associated, but no causal arrow need point
from complexity to stability. To the contrary, if there
1s a generalization. it could be that stability permits
complexity.

To have a bet each way, we add that an alternative facet
of the explanation pertains to those instances where
trophic complexity is indeed the agent producing popula-
tion siability. There is still no contradiction with the math-
ematical theorem asserting this to be very unlikely in
general complex systems. The real world is no general
system. Nature represents a small and special part of param-
eter space. This point may be clarified by an analogv.
Suppose a Martian were to observe those earthly lab-
oratories where physicists are striving to confine high
temperature plasmas for sufficiently long o achieve a
controlled thermonuclear reactor. Qur Martian would
observe that simple magnetic field configurations lead to
poor containment, while machines with very complicated
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magaetic helds generally produce mere stabl
confinement, He may be termpled to theorize thyt n gen

eral, magnetic freld complexity leads o stabihity. He weould
be wrong. Although simple m

¢ plasma

agnetic field geometries
pmduce unstable plasma contatnment. complex magnetic

field conhigurations are almost nvariably even less stable.
The stat')le a'rrungt:ments produced by complicated field
geometries 1n plasma physics laboratories are quite

atypical, having been selected with great ingenuity
very purpose.

One parucular mechanism whereby increased trophic

complexity can act to help promote communiry stability
1s discussed toward the end of the next chapter.

tor thas

SUMMARY

Empirical evidence does not yet permit a decisive answer
as to whether trophic richness and complexity promote
population stability in the real world.

This chapter has pawed over a small piece of the puzzle.
The motral emerging hrst from generalized multispecies
Lotka-Volierra models, then from models of randomly
assembled food webs, and finally from qualitative stability
theory, 15 that, as a mathemaucal generality, increased
multispecies trophic complexity makes for lowered sta-
bihty. This fact 1s not inconsistent with the brological real-
ities, but it does suggest that theoretical effort should
concentrate on elucidating the verv special and mathemat-
ically atypical sorts of complexity which could enhance
stability, rather than seeking some (false}) “complexay
implies stability” geneval theorem.

Among other minor points, it is argued that stabihzy
(or instability) due to competition within any onc trophic
level usually goes with stability {or nsiability) of the web
as a whole, although no unequivocal general statement is
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possible. It is seen that mutualism between species tends
to have a destabilizing cffect on the community dynamics
Some remarks are also made about multispecies Lotkg-
Volierra equations with special symmetnes or antisym-
metries among the interaction coefhicients.
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CHAPTER FOUR

Models with Few Species:
Limit Cycles and Time Delays

In the models just considered, all the interactions hetween
and within species were either represented by grossly
simple equations or else summarized in the vicinity of
equilibrium bv the elements of the CoOmMmmunity mutri‘x* It
is difhcult to eflect any muluspecies discussion otherwise.
In this chapter, attention 1s restricted to models with but
a few species, and considerably more detail is put into the
description of the dynamical interactions between popula-
tions. We fhirst treat one-predator-one-prey models with
comparatively realistic terms for the prey birth rate, the
predator attack rate or functional response, and the pred-
ator populaton’s growth rate, Then we discuss the effects
of time delays in the interactions, particularly in resource
limitation effects; this ts done hrst in single-species pop-
ulations, and then for systems with two trophic levels.

COMPARATIVELY REALISTIC
ONE-PREDATOR-ONE-PREY MODELS

The simplest predator-prey model is the Lotka-Volterra
equation (3.1), which has been discussed briefly. A precise
analysis of any particular real-world one-predator-one-
prey situation could embrace a muluparameter systems
analysis approach, but between this and the crudity of the
Lotka-Volterra model lies a halfway house where one secks
to incorporate in the model a moderately realistic descrip-
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tion of the mininunm number of broadly relevant biological
features. Such elements of greater realism may be intro-

duced as follows (see also Macfadyen, 1963, Chs. 12 and
5. Clark, et al. 1967, Ch. 3; Willuimson, 1972; Hassell

and Rogers. 1972).
(1) The per capit hirth rate of the prey population H()
(which in the Lotka-Volterra model 1s a constant, «, lcading

to the term nH in equation (3.1a)} is in general a function
of their pupulﬂtiﬂn density. The mast common formula
replaces this constant « with the Verhulst-Pearl logistic

form
a— r(l — H/K). (4.1a)

As teviewed by Pielou (1969, pp. 19-21), this expression
may be justified either on biological grounds {(with K
thought of as some carrymg capacity set by the environ-
mental resources), or alternatively as the first approxima-
ton 1 a Taylor expansion of more general density de-
pendences. As discussed earlier, in a single-species pop-
ulation with this the only factor, there is a stable equi-
thrium population of magnitude K. Other density de-
pendent forms for the per capita birth rate, which are
similar 1n effect if different in detail, are due to Gompertz

(1825),

rin (K/H); (4.1b)
Smith (1963),
K — H)(K + eH), (4.1¢)
and Schoener (19792),
r{(K1H) —1]. (4.1d)

The form (4.1d) is 4 particularly strongly stabilizing one,
More general formulae which include some ol the above
as hmiting cases are
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rl{K/H) 7 —1], (4. 1e)

with 1 = g > 0 (Rasenzweig, 1971); or

again with T Z g > 0 (Goel, Maitra, and Moniroll, 197 1)
All these forms exert a .'slubilizing influence: all make fm:

negative diagonal elements in the COMmUunity matrix.

A quite general maodel, which als, iNCOTpoTates a falling-
off of the birth rate at small populations (Aljce. 1939), has
been given by Watt (1960). For a review bearing on these
points, see Watt (1968, Ch. 1{.4),

Apart from thecoretical arguments suggesting that re-
source limitations and other effects are likely to produce
a stabilizing density dependence in the intraspecific in-
teractions, there is a review by Tanner (1966) pointing out
that, of 71 species for which adequate data were available,
46 had a negative correlation between population density
and growth rate which was significant at the 95% con-
fidence level, 15 had less significant negative correlations,
7 had no correlations (1.e. populations not significantly
difierent from a random senes), while only | had a stgnif-
icantly positive correlation—and that was the human
population ot the world! This work 1s open 1o the techni-
cal criticism that a negative correlation in a linear re-
gresston analysis of the logarithm of population density
versus the Jogarithm of the previous population can be a
statistical artifact (St. Amant, 1970; Maelzer. 1970). More-
over, as many of Tanner's populations were not single-
species communities, his results are not always a simple
mcasure of the diagonal elemenis a; i the conumunity
matrix, but rather of towl system stability. Even so. the
general drift s in support.

(I1) The rate at which predators remove prey is described
by the predator’s “functional response.” In the Lotka-
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Volterra model, this is represented by the termi — afH P

in equation (3.1a), correspondmg to an unlimited atrack
capacity per predator, increasing linearly with prey density

(L.e. as aff). More realistic functional responses will tend

to have a destahilizing mflnence if the predator’s consump-
rion increases less fast than lincarly with increasing prey
numbers. and a stabilizing influence if the response is

faster than linear. |
The former, destabilizing, effect 1s embodied for ex-

ample in Ivlev's (1961) functional response,
aHP — k P(]1 — e ). (4.2a)

This net predation rate has the natural teature of being
proportional to /4 for small prey populations, but sat-
urating to a constant k per predator for large /1. A VETY
similar expression due o Holling (1965},

kH P
H+D' (4.2b)

has been applied n nvertebrate ecology. Here O refers
to some given value of the prey populaton beyond which
the predators’ attack capability begins to saturate. An
extreme form, which is highly destabilizing, is 10 let the
predators each have a constant attack capacity:

kP (4.2¢)
A generalization of Ivlev's form, tested agaiust held popu-
lations, 15 Wait's (1950)

kPl —exp (—cHP' %] (4.2d)

Another general form,
kP HY (4.2¢)
with I 2 ¢ > 0, is given by Rosenzweiy (1971),

Conversely, the predator may respond by a “switching”
mechanisin or by a change i its searching behavior (Has-
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sell and Varley, 1969), in such g W4y as 0 produce g
stabilizing effecl. Although predator switching, as lucidls
reviewed by Murdach (1969), usually involves 4 maodel wi{}i
more than lwo species, the effect can be bujl INO 4 Ohe-
predator-one-prey model by invoking learning hehavior
which makes for a faster than linear tunctional Fesponse.

Takahashi (1964} has significantly remarked. in SOme
detail, that the functional response may casily be of sia.
bilizing tform for small amplitude excursions from equilib-
rium, and destabilizing for large amplitude Huctuations,
An equation of this type which is analogous to Holling's
(4.2b} is

kP H®

Another example has been given and discussed by Wan
(1959):

k P[1 — exp (—cH? P9, (4.2¢)

(IIT) The predator population dynamics in the Lotka-
Volterra equation (3.1b) are described by a constant per
capita death rate (leading to the term —bP), and a per
capita birth rate or “numerical response” which 1s linearl
proportional to how good lite 18, as measured by the prey
abundance (the term +8HF). More generally, the death
rate is likely to be exacerbated by relatively high predator
densities, leading to stabilizing tendencies ot the kind dis-
cussed under (I) above. On the other hand, a less fast than
linear numerical response may well be produced by exces-
sive prey abundance, leading to destabilizing saturation ef-
fects of the kind typified by equations (4.2a-e). Gause
(1934) has suggested the predators’ total numerical re-
sponse may be

ﬁ‘”P — ‘}r’PHUE. (4.3.0)
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In g{'nt-r:tl, the discussion of the funcuonal response u
(I1) teuds to apply also o the numerical response (Rosen-

cweig, 1971 Holling. 1959, 1961). |
An interesting equaton for the predntnr f!}-'nam:r:s,
given by Leslie (1948) and discussed by Leslie and Gower

(1960) and Piclou (1969, pp. 72-74), 15

ar(n _ﬂg_] 43
T—-—.&P[e"} [1 '}"H(f) . ( .3 ])

Here the growth of the predator population 1s ot Togistic
form. but the conventional “A™ which measures their re-

sources is “A” = yH, proportional to prey abundance,

(IV} In nature, the various responses and mteractions
rarely happen immediately, but have nme delays. This
destabilizing influence will be discussed later.,

The above formulae constitute the basic units in a “build-
a-model” toy. They may be assembled tn various combinu-
tions to give one-predator-one-prey models considerubly
more sensible than the simple Lotka-Volterra one. Among
the many possible models, two specific examples are:

dHjdt = rH(1 = HIK) — kP[] — exp (~cH))
dPldt = P{—b + B[] — exp (—cH)]},

which is constructed from (4.1a), and (4.2a) for both func-
tronal and numerical responses; and

. H kiPH
dH ldf = —_—
dr=rh KJ HE+D

dP/dt = sP[1 — P}{(yH)],

built from (4.1a), (4.9b), and (4.3b). Many other similar
models can abviou sly be constructed.

(4.4)

(4.5)
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A LIMIT CYCLE THEORF M

we now proceed to a full nonlinear stability analysis of
these model one-predator-one-prey communities

BﬂFEL{SE the diﬂ‘er.'f:tltial.t&t]uatinnﬁ are nonlinear, the
equilibrium or steadily maintained populations need not
necessarily be constant (a stable point, 1he equilibrium of
a marble in the bottom of a cup) as they must be for a linear
system, but can alternatively be stable limit cycles wherein
the population numbers undergo well-defined cyclic
changes 1n ume. The amplitude of such a limit cycle, that
is the maximum and minimum values the individual popu-
lations reach durmg the cycle, is fixed solely by the in.
trinsic parameters of the model such as birth rates, precda-
tion rates, etc. So 1s the period, the time 1o complete one
cycle. For a stable limit cycle, just as for a stable point equi-
librium, the system if disturbed will tend to return to the
equilibrium configuration. This is illustrated in Figure 4.1.
Instances of stable limit cycles abound in the physical
sciences, from variable stars with their pulsating luminosity
to the ubiquitous Van der Pol (1928) oscillator, which has
been suggested as a model for the heart; Goodwin (1970)
has reviewed some examples in other areas of theoreucal
bislogy.

In essentially all models built from the above compo-
nents, there is a tension between a stabilizing resource
limitation or other density-dependent term (4), and de-
stabihizing predator functional and numerical response
terms (II and 11I). Many conventional analyses, either by
analytic (Bulgakova, 1968a; Canale, 1970. Rosenzweig.
1971) or graphical (Rosenzwelg and MacArthur, 1963;
MacArthur and Counnell, 1966; Vandermeer, 1973)
means, first identify the possible equilibrium populanons
(e. the point wheve dF/dt = dP/dt=0). and then give a
linearized study of the outcome of this tension between
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Ficukre 4.]. Depicted is the "phase space” of two species, with
popilations x and y; each point in the plane corresponds to some
particufar value of the two populations. In (a) the point x*, ¥* 1s a
stable equilibrium point; if the populations are displaced from i
(e.g. 10 point 1), they tend in time to return, as exemplihed by the
dashed line. In (b), the solid curve is a stable limit cycle, and in
cquilibrium the twe populations cycle around and around this
trajectory, exhibiting well-defined and periodic oscillations in e
population numbers; if displaced, either inside (e.g. to point 1) or
outside {e.g. 10 point 2) their stable limit eycle, they tend o return

te it, as illustrated by the dashed lines.

stabilizing and destabilizing influences in the neighbor-
hood of the equilibrium point. If a stable equilibrium point
is not found, the model ts sometimes dismissed as “un-

stable.”
Kolmogorov (1936) went beyond this, to write the one-

predator-one-prey equations as
df/dt = H IF(H,P)

dPidt = P G(H,P),

and then (o set out, in general terms, conditions which
necessanily lead to the system’s having either a stable point
or a stable limit cycle. This work has recently been reviewed
by Scudo (1971), and by Rescigno and Richardson (1967),
who give a lucid account of the geometrical propertes
the isoclines F =0 and G = 0 need to possess if they are to
satisty Kolmogorov's theorem. None of these authors gives
any specilic examples. MacArthur (1971a), Gilpin (1972),

B6
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Hubble (private communication), and others have
stable limit cycles to emerge from numerical studies
of particular models, and Kilmer (1972} in a recent reriev,;o
of the subject gives an explicit analytic example of a siable
limit cycle In a predator-prey system,

[t is significant, however, 1o remark that Kolmogorov's
theorem 1s applicable to essentially all models assemblec]
from the components catalogued above. That is, all such
models possess either a stable equilibrium polnt, or a stable
limit cycle.

This rather robust thevorem strongly suggests that those
natural ecosystems which seem to exhibit a persistent pat-
tern of reasonably regular oscillations (see, e.g., the re-
views in Kormondy, 1969, p. 86, or Mactadyen, 1969,
Chs. 12, 16) are in fact stable limit cycles, This is altogether
different from the widespread explanation of such phe-
nomena which associates them with the osaillations in the
pathological neutrally stable Lotka-Volterra system {(the
stability of the frictionless pendulum), where the amplitude
of oscillation depends wholly on the initial conditions (on
how the pendulum was set swinging),

found

Specifically, Kolmogorov's theorem says that predator-
orey systems of the form (4.6) have either a stable equi-
librivm point or a stable limit cycle, provided that / and
G are continuous functions of H and P, with contihuous
first derivatives, throughout the domain H =0, P =0,

and that
(iy aF/oP <0 (4.7a)
(1) H(aFjaH) + P(oF]oP) < 0 (4.7b)
(i) oGlaP < 0 (4.7¢)
(v} H(oG/aH) + P(sG/oP) > 0 (4.7d)
(v) F(0,0) >0, (4.7¢)

It 1s also required that there exist quamities 4. B. C such

that
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(vi) F(O,.1) =10, with A > 0 (4.71)
(vit) F(B, 0) =10, with # > 0 (4.7¢g)
(vii)  G(C, 0) =0, with € > 0O [4.7!1')

B> C. (4.71)

(1x)
The above statement of tire theorem Is in somewhat more
transparent form than the original. Theﬁprnnffallnws (see,
e.g., Minorsky, 1962, Ch. 2.%) straightforwardly from the
Poincare-Bendixson theorem, one of the key theorems of
nonlinear stabilitv analysis, We shall not present the proof,
hecause the neceissar}' theory is covered well in Minorsky,
or, with a slant to biologists, in Rosen (1870, Ch, 5), or in
sketchier but more specific form in Rescigno and Richard-
son (1967), What has been lacking in the literature 1s not
the derivation of the abhove theorem, but rather the realiza-
tion that it applies to essentially all the convenuonal models
people use. The theorem also usually holds when certain
of the above conditions are cqualities (=) rather than in-
equalities (<~ or >). Such cases need to be dealt with on

their merits, but can often be seen to be sensible limiting
cases of more general predator-prey equations which do
obey the above criteria. (Thus the models of equations
(4.4) and {4.5) can be seen o0 have either swable limit cycles
or stable equibbrium points, although equation (4.4) has
AG/oP = O rather than <0, and equation (4.5) has
HaGiaH) + P(oGroPY =0 and € =)

In more biological terms, Kolmogorov’s conditions are
roughly that (1) for any given population size (as measured
by numbers, biomass, etc.), the per capita rate of increase
of the prey species is a decreasing function of the number
of predators, and similarly (i) the rate of increase of
predators decreases with their pn[}uf:ttiﬂn size. For any
given ratio between the two species, (i) the rate of increase
of the prey is a decreasing function of population size,
while conversely (iv) that of the predators is an increasing
function. It is also required that (v) when both populations
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are small the prey have a POSILVE Tate of INCrease and that
(vi) there can be a predator population size séfﬁc.iem?
large to stop further prey increase, even when the prey arz
rare. Condition (vii) requires u critical PTey population
size B, beyond which they cannot increase even in the
absence of predators (a resource or other self limitation),

and (vill) requires a critical prey size C that stops further
increase 1n predators, even if they he rare: unless (ix)

B > C, the system will collapse. These biological constraims

are spelled out more tully in Scudo (1971) or Rescigno and
Richardson (1967).

Even when the conditions are not fulfilled for all prey

and predutﬂr populations, that is for all H,P > (,they can
still be useful. For example, the criterion (i1), equ;ﬂiﬂn
(4.7b), usually requires the per capita prey birth rate to be
a monotonic decreasing function of increasing fI. This
condition 1§ violated 1f there is an Allee effect. whereby
the per capita burth rate falls off at small H. This makeis
sense hiologically; models incorporating such an effect
should permit the possibility of extinction. However,
Kolmogorov’s theorem sull applies in a restricted part of
the # — F plane, allowing the possibility of limit cycles
wherein the prey population remains big enough for its
Allee effect not to operate.

As one particular example, the theorem mav be applied
to the system obeying equation (4.5), to show that it pos-
sesses either a stable limit cycle or a stable equilibrium
point. Then a conventional neighborhood analysis atter
the style of Chapter 2 reveals whether the equilibrium
point is stable, whereupon we have the complete global
stability character of this svstem laid barve. The rather
messy criterion separating the regions of stable points and
stable limit cycles s set out in Appendix 1. and we see that
a combination of relatively ineffective prey selt-lnmnanoen
(K substantially larger than D) and a preyv population which

89



MODELS WITH FEW SPECIES

4 8 \ . 7%
4 £ 1 f
t / i
P Iﬂ] Ir\'lt ,Ff 1l' ;‘ IIII ff
1
| i
" | 13
— 31 51/ E Hod ; ll /
> o BV Y IV vy
l.l"; \\ |"Iil 1 ,1" "i / I|. i
E \“j \ ! I ! ] N Z
ol Ef’ \ f 1 i’ 1 7
& ! L
E (I 'h.'_' \_ .
T
LAY 2t 1
F
/
!
Lf
—_— ¥ N 6 A 3 . i I I A ! Elu Bn
¥ Z 4 § D 20 L
PREY, X{t) TIME. 1

FicUke 4.2. A specific example of a limit cycle, For the predator-
prev systemn abeying equation (1.5). we form dimensionless vari-
ables A4 and Y from the prey and predator populations, respec-
tvely: X = H/D, ¥ = PiyD). To the left we show the stable limit
cvele endlessly traced out by these populanon numbers, _f-:}r the
p;aramctf:r choice rs = 6, K. = 10, Ky r = the dashed lines are
the isoclines of stationary prey {(dX/dt = () and Lpr‘f{_lﬂlm‘ [ri*l“}’de‘ = {))
populations. and their intersection 1s the equilibrium point, here
unstable. To the right we display the exclic populatian numbers of
prev (solid line) and predator (broken line) as funcuions of time,
ri. If displaced from these trajectories. the system tends to return
to them.

grows fast compared with the predator population {r sig-
nificandy greater than s) makes for stable limit ¢cycle be-
havior. Figure 4.2 shows the limit cycle trajectory in the
H — P plane, and also the prey and predator population
oscillations as functions of time, for a particular choice of
model parameters. 1f the populations are disturbed from
these stable cycles, they quickly settle back into them,

As a second example, the theorem may be similarly
applied to the system (4.4). Again relatively weak prey
self-regulation (relatively large K) leads to stuble limit cycle
beh.aviﬂr, as illustrated by Figure 5.6 (p. 135). (Generally,
an ncrease n the environmental carrying capacity K for
the prey can carry the predator-prey system from a stable
equibbrium point to a stable limit cycle; this transition from
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equilibrium point to oscillatory behaviour has been called
by Rosenzweig (1971) the “paradox of enrichment ")
Again the populations tend to return 1o this stable u;a-
jectory it perturbed from it, In the req] world, random en.
vironmental Huctuations will continually supply such pes-
rurbations, and the deterministic limit cycle will represen:
a stable mean upon which environmental noise IMposes
fluctuations. This feature can be illustrated in the model
(4.4) by, tor example, letting the parameter » have a ran-
domly varying component. Figure 4.3 is the typical out-
come ol such a computation (with the white noise in r
having variance equal to 10% of the mean value of r). It
is an evocative illustration.

The broad applicability of Kolmogorov's theorem has
implications for those natural systems in which the pop-
ulations seem to go up and down in a rather stable periodic
manner. Admittedly, some of the population cycles re-
ported In the hterature are artifacts of the smoothing

q_
—_ 37
[Py
g
-
2 27 \
g . ﬁ
2
) I 1 T r T T L
O 0 20 30 49 50 60 <

Time

Ficure 4.3. The preyv population, as a function of time. obtained
from solving the pedator-prey model (4.4) wath some random
environmental fuctuation. The pammeters in equation {4.4) have
the values e = 107%, ch = 4, B = 1.5, k= b = 1, and the previnu-
sic birth e o incovporates some “white noise” et trotuuendal
fluctuation, having mean r, = 1 and variance o* = D.1. See alse
Figure 5.6 and accompany g discussion,)
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procedure employed 1n processing the data (Cole, 1954;
Siobodkin, 1961), but others are not. One may expect
these genuine cycles to be stable himut cycles, sometimes
with environmental fluctuations superimposed, between
well-defined limits set by the interactions between and
within species.

For example, Lack (1954, pp. 212-217) bhas suggested
that the lemming population cycles in northern regions are
the result of some prey-predator mteraction, with the
lemmings playing the role of predator, and their food the
prey; we note that 4 lemming-vegetation system contain-
ing realistic interaction elements can naturally give rise to
stable limit cycle hehavior, Similarly, to regard the famihar
and regular Hudson Bay lynx and hare population oscilla-
tions {Figure 4.4) as resulting [rom a Lotka-Volterra pure
oscillation about a neutrally stable equilibrium point, which
is to say having an amplitude determined by some en-
vironmental shock over 100 years ago, is absurd. This
system, with the maximum hare population being constant
to within a factor two over 100 years or Y cycles, is surely
the outcome of some stable limit cycle.

In general, our modcls suggest that predator-prey

___ HARE
N o LYNX

MUMBLA W THOUSAMDS

A 2 1 o 2 i I . n X 2 -
1874 1883 1aes 105 3 I}
TIME 1N vEans Id 25 1935

1044

ihad ‘ lﬁﬁﬁ

Froure 4.4, Changes in the populations of the [yux and the snow-
shoe hare, as indicated by the trading hgures of the Hudson Bay
Company (after Odum 1953). I reproduce this familiar figure, 1o
plas my part in etmbedding i in the folklore of ecology.
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systems are likely ltu f:xhihi'[ stable limit Cycles when there
¥ rElEll“‘-’E!}’ weak fntraspemﬁcl Prey population regulation
(relatively large K}, and the intrinsic Browth rate of the
prey population exceeds that of its predators, T his seems
to accord with the facts reviewed by Tanner (1872) Fn;-
eight pairs of prey species and their major predator. The
idea that a population’s dynamics may switch from 4 stable
equilibrium point to a stable limit cycle as “ljfe gets hetter,”
that is as eflective values of r ar & Increase, is elegantly
lustrated by the work of Balienswetler (1971) on the IHTEl;'l
bud moth In Switzerland. In their optimal habitat a¢ al_
titudes between 1700 and 1900 meters these beasts have
exhibited stable population oscillations since 1855, with
a period of around 8 years, whereas no such phenomenon
is manifest 1n the less favorable habiwat above and below
this range.

In conciusion, we mention two relevant technical points.

That systems which in a linearized stability analysis are
classed as “unstable” may wind out to a stable limit cycle is
easily overlooked m computer realizations of the models,
because usually the ratio between the predator’s minimum
population and 1ts mean population in the limit cycle is
roughly of the order (May, 1972d)

P(min)
P{mean)

~ exp [—c(K/H*$] (4.8)

Here ¢ 1s 4 number of order unity, H* is the mean prey
population, and K is the maximum prey population capable
of being sustained by the environmental resources: the
essential assumpuon underlving equation (4.8) is that
K/f* 1s lurge. Since computer models indeed often have
(K/H*)? substanually greater than umty, the ratio (4.8) can
be so small that the predator population is below unity. and
therefore extinct, before the limit cvcle minimum s
reached. [ndeed, so long as the cycle ts severe enough 1o
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carry either prey or predator numbers very low, “demo-
f «ochastic features of the kind discussed by

graphic” T .
Cand extinction will occur sooner

Rartlett (1960) will enter | !
or later. In short, the stable lumnit cycle may often be of no

practical relcvance. This is a guestion that depentls on the
numerical details of the parameters i a paruicular model,

[t is no accident that this discussion of the nonlinear
glabal stability character of so wide a class of models is
restricted to two-dimensional, or two-species, systems. Such
a discussion is made possible by the powertul Poncaré-
Bendixson theory, which unfortunately breaks down in
more than two dimensions {essentially because one can
no longer make an unambiguous distinction between the
“inside” and the “outside™ of a closed curve, as one can for
curves on two-dimensional surfaces). Ecology would bene-
ht trom a mathematical breakthrough which extended uns

type of analysis to higher dimensions.

TIME DELAYS

In the real world, the growth rate ot a species’ popula-
tion will often not respond immediately to changes in its
own populaton or that of an interacting species, but rather
will do so after a time lag. Thus the effects of overgrazing
mayv depend not so much on the contemporary herbivore
populauon, but on an average reaching back into the past
over a ume roughly equal tu the characteristic regeneration
ume for the vegetation. Alternatively, it can be that the
ume delay in a resource limitation effect is essentially a
natahty lag: one has to wait until the next generation is
confronted with the havoc its predecessors wrought. In-
clusion of such time delays in our model equations tends
to have a deswbilizing influence. This is already mmphcit
in the discussion in Chapter 2, where we saw that a differ-
ence equation, with the enforced one-generation time lag
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between cause and effect, is less stable
differential equation,

The prototype model embodying this phenomenon is
due to Hutchinson (1948). He considers a single species
obeying a logistic growth law, with growth rate r ane! mgxi.
mum population sustainable by the environmental re-
sources being K, but with a time tag 7 huilt into (he apera-
tion of this regulatory mechanism. We may think of this
system as herbivores grazing upon vegetauon, which tukes
time T to recover:

than the hnm n]ngr:u S

IN (1
r dt( - r NO[1 — N(t — T)/K]. (4.9)

This equation was first studied in the economic theory of
the stabiity of business cycles (Frisch and Holme, 19435)_
With no ume delay, T'=0, of course there is the usual
stable equilibrium population ¥ = K, In the system (4.9)
there 1s now a counterplay between the stabilizing density
dependent resource limitation, and the destabilizing time
lag. ItvT < Yom, there remains the stable equilibrium puint
at population K. 1f rT" > ¥ym, this potential equilibrium
point 1s unstable, and there is instead a limit cycle solution.
the oscillantons in which become increasingly severe as »T
increases. (We may recall that similarly in the difference
equation version of logistic growth, equation (2.26), with
a generation time 7, there was no stable point once rr > 2))
The propernes of the equatnon (4.9) have been exten-
sively discussed in the mathematical literature. The equa-
tion may be brought into canonical form by defiming

T=1r1, (4.10)

and rescaling the population variable to be x = N/K. and
the time 1o be { =1, Lo get the one-parameter family ot
equations
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() _ (B[ — x{f— ] (4.01)

— ==

At

Jones (1962a) has demonstratcd the existence of Lhimn
cycle solutions it the region ¢ = Ve, Although a complete

proof that these limit cveles are stable to uny perturbation
is as vet lacking, Jones’ (1962b) numetical studies suggest
they E;ITE, and Kaplan and Yorke (1973) have used a clever
extension of Poincaré-Bendixson techmques to differen-
tial-difference equations such as (4.11} which nigorously
establishes stability with respect to most perturbatons. The
oscillation execnted by the population N{/} in one complete
cycle is illustrated in Figure 4.5, for various values of
r > Yo, Table 4.1 similarly sets out the ratios between
population maximum and mmnnum in any one such ¢ycle,
and also the period of the cycle, as funcuons of r (Marun,

private communication).
Hutchinson’s model has a time delay of exactly T for
the vegetation or whatnot to respond. More generally, and

FiUge 4.5. The oscillations undergone in one complete cycle by
t!'u:- pnpu_?atiun N1} whose dynamics aobey the lime-delayed logis-
e eRuation 14.9) with too long a ume delay. For vI'= 7 < Yo
there s a stuble equijibriung pomnt at NA = 1 (the horizontal Iint:}’
For r > Yam, 1he final periodic solutions are shown for various
values of 7, as indicated: 1, = 1.6; ;= 175, 7y = 2 ¢, = 2.5 (after
Jones, 1962hy, A
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TaslE 4.1. Properties of limut oyrle solunions
of equalion (4.9)

=rT J"'-'F{I'I'lilx”Nl'min) Cycle et
1.57 1.00 -

1.6 2.56 4.03T
{.7 5,76 4,007
1 8 11.6 4. 18T
1.9 22,2 4.290T
% () 42.% 4.40T
2.] 84.1 4.54T
29 178 4.71T
2.3 408 4907
2.4 1,040 511T
985 2,930 5.36T

more reahstically, this ime delay will depend not on the
population at some particular instant in past time, hut

rather on an average over past populations; not on
N(t — T)/K but rather on the weighted average

f CN(YQU 1), (4.19)

—

The function Q(¢) specihes how much weight 1o attach o
the populations at various past times, in order to arrive
at their present effect on resource avalability. A typical
averaging function (1} may have the kind of shape de-
picted in Figure 4.6. We note that this function is charac-
terized by some average time delay 7, but that a spread of
times (with a width of the order of T about the mode)
contributes significantly to the averaging process. that is to
the integral (4.12). Huwchinson’s equation (4.9} may be re-
covered by taking a himiting form for the weighting tunc-
tion (X¢), with essentially infinite height and zero width
at the time T the integral (4.12) then focuses exactly on
the point 1 — /" = T, that 1s it singles out exactly the popu-
lation N(t — 7.

The generalization of Huichinson’s vegetation-herbri-
vore equation now reads

97



MODELS WITH FEW SPECIES

I 1

Q.4 — 1

[ |
2 2 4

it/ T

Ficrre 4.6. A typical example of a smooth time-delay averaging
function Q(!). as defined by the general equation {4.13), n'amel}r
Q) = (KT "¢ exp (—/T). (In dispiaying Q(f) as a tuncuon of
4T we have omitted the constant factor 1/KT)

!

d‘jf” =r N(O[1 — f N({YQU — t)dt').  (4.13)
The stability of the possible constant equilibrium popula-
tion may be studied by a neighborhood analysis, using
Laplace transform techniques. A poor man’s version of
these methods, particularly as applied here, is in an ap-
pendix to May (1972¢). It 1s amusing to note that the more
reahstic smooth ume delay function of Figure 4.6 permits
an easier analysis than the mess consequent upon the use of
Hutchinson’s original singular “time delay at exactly T of
equation (4.9). Itis not often that greater realism makes for
easier mathematics,

The conclusion remains that a system of this general
type does, or does not, have a stable equilibrium point,
depending on whether the characteristic growth rate time
/'y, delined as T, = 1/r, is large or small compared with the
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time delay 7 in the regulatory mechanism. Th
take a numerical constant of order unity, the
point is

atis, give or
equilibriym

T, = T stable

T <2 T unstable 4.14)

In the event that there is no stable equilibrium point, the
ponlinear analysis usually leads again o a stable limit ¢
(Dunkel 1968 a, b).

This conclusion s very much in accord with the precepts
of engineering control theory. The instantaneous density-
dependent form (1 — N/K) represents a stabilizing nega-
tive feedback 1n the system, and it is a central resuls of
control theory that, if such feedback occurs with a time lag
longer than the natural period of the system {Le. T > T,

vcle
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Ficure 4.7, A computed example of the growing pnpulati_un 05
cillations which follow from the logistic equation (4.9} wuh too
long 2 time lag in the density dependent mechansm: here r=1
and 1= 3w/5, so that r7 just exceeds Yz, The (unstable} ‘f"-lm!'b'
rium population is K = 2,000, and in the example the population
is controlled to be half this value for a while, and then et go.
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the upshot will be instability. For a discussion, complete

with grﬂphiral examples, see A:i;trmn (I'I:}'?O, pp. 9 a.nd
178-179). Figure 4.7 is a numercal S{'}]utmn of ]'llllcl?lr"]-
son's equation (4.9) with too large a time delay, an?l it 15
reminiscent of many graphs of population “crashes” in the
ccoloyry literature. In this hgure, the population s inttially
L‘t}t]ﬁtf::lined to be constant, and then let go, whereupon a
pattern of growing ascillations builds up toward a stable
limit cycle, which may easily be so severe (see Table 4.1)
as 1o produce extinction. Hutchinson (1954) was moved 1o
conclude: “These considerations should lead us to cxpect
oscillatory changes in single species populations even
under relatively stable environmental conditions as normal

events,”
NICHOLSON'S BLOWFLIES

From the discussion so far, stable imi cycles emerge as
ubiguitous solutions to the simplest equations of popula-
lion ecology.

As a further illustration, we apply equaton (4.9) to Nich-
olson’s (1954) classic laboratory experiments with the
Australian sheep-blowfly, Lucilia cuprina.

An attempt to build a reahistic model for these popula-
tions would need to take into account separate age classes
and a host of relevant aspects of blowfly biology. However,
equaton (4.9) represents an extremely crude first approxi-
mauon, incorporating the minimum amount of essential
biological informativn about the system, namely: (i) the
blowfly population has an intrinsic rate of increase, r; (i)
there is a resource limitation, K, set by the supply of
ground liver; and (i1i) this resource limitation acts with a
time delay, T, roughly equal to the nme for a larva to
mdature mnto an adult. A fuller description, in terms of
spccifjlc age classes, is roughly approximated by this single
eyLEation.
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Ficure 4.8, From the one-parameter family of limit cycles

. . _ Fen-
erated by the nime-deluved lovzistic cquation (49 (spe Figure 4.5

and Table 4.1}, we clisplay that which best fits the oscillations in
Nicholson’s blowlly populations. The experimental data are from
Nicholson (1954); the theoretical curve, with y7=9 ).
agreement considening the crudity of the modet,

IS In good

In fuung this model 1o the data, we have onlv the di-
mensionless parameter 17T at our disposal; X is absorbed in
setting the scale of the y-axis for the population, and r in
scaling the x-axis for the time (cf. equation (4.11)). This
single parameter r7 1s completely determined by Nichol-
son’s data (Figure 4.8) because it depends sensitively on
the ratto between maximum and mimimum values of the
oscillating population (cf. Table 4.1). We estimate r?
~ 2.1. Thence, agamn consulting Table 4.1. the appro-
priate theoretical period may be compared with the ob-
served experimental oscillation period, to conclude that
the nme delay 7 i1s roughly 9 days. In fact, these blow-
fly larvae take around |1 days to become adult (Nicholson,
1957, Figure 6). The theory also predicts thatif the amount
of ground liver be doubled, that is if K be doubled, then
everything should be exactly as before, except that the
scale of the y-axis should be doubled. This is preasely what
Nicholson (1954, p. 22} lound.

Figure 4.8 shows the compurison between Nicholsow's
data and the curve obtuined from equation (£9). In view
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of the crudity of the model, the agreement 15 surprisingly
good. [t suggests that stable Jimi‘t cycles gfneratecl by thﬁe
time-delayed regulatory mechanism are indeed the basic
feature in the dvnamics of these populations. A similar,
but somewhat m:ure realistic, model with two free param-
eters has been discussed in connection with Nicholson’s
experiments by Maynard Snuth (1968, pp. 52-55); no ex-
plicit fic to the data was attempted.

We conclude by speculating that there 1s a natural
mechanism whereby some simple populations may come to
have values of 7 slightly in excess of that value (Y27 for
equation (4.9)) which initiates stable limut cycle behavior,
So Jong as there remains a stable equilibrium point, na-
tural selection may tend to increase r. Thus T climbs a
hill (+T increases towards ¥a2m) until 1t reaches the ridge
separating stable equilibrium point from stable limit cycle
behavior (rT = ¥aw), and thereafter increasing r pre-
cipitates the system Into mncreasingly severe limit cycle
osciilations. We may expect rT Lo settie down at some value
just past the critical one, before the oscillations become too
severe, Although this plausibility argument makes implicit
appeal to group selection, such an extreme limit cycle
situation, with populations periodically being carried to
very low values, is an ideal situation for models of group
selection to operate successfully (Levins, 1970a;: Boorman

and Levitt, 1972).

TIME DELAYS AND THE
VEGETATION-HERBIVORE-CARNIVORE SYSTEM

We end this chapter by wedding together the above
models for predator-prey with no time delays in the in-
teractions, and for single species with time-delayed re-
source limitation. The latter models were visualized as an
herbivore population regulated by a vegetation resource.
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The addition now of a predator trophic
which may contain some of the
tion-herbivore-carnivore system

| leve] gives mocdels
basic features of 4 vegela-

Since our interest 1s the qualitative effects associated with
the addition of another trophic level onto our earlier vege-
tation-herbivore systerm, we describe the predator-prey
interactions by the simplest mode! containing their essen.-
tials, namely the Lotka-Volterra one. Then with Hutchin-
son’s origimal torm (4.9) for the resource limitation effect,
the equations for the herbivore and carnivore pmpulatiuna;
H(t) and P(¢) are

dH (1)
= =7 H@)[1 — H(t — T)/K] ~a H(t) P())

- (4.1
ae(ty 1)

7 b P(ty+ B P(t) H(p.

Similar equations follow for the more general “smoothed

out” time delay of equation (4.12). By neglecting the re-
source limitation effect, K — =, we recover the Lotka-

Volterra system (3.1), with its purely oscillatory stability
character, as illustrated by Figure 3.2.

Greater realism can be achieved by replacing {4.153)
with equations which embody predator functional and
numerical responses along the lines discussed at the be-
ginning of the chapter. The stability character of such
more realistic equations has been discussed in some detail
(May, 1972e), and the general conclusions are similar to
those based on the simple modei (4.15).

In equation (4.15), and also in the more realistic models
discussed by May, the predator-prey interactions («HF and
BHP in equation (4.15)) do not themselves incorporate
any time delay. This corresponds not so much 1o setung
any such delay to be zero, but rather to assuming u to be
small compared to all other time scales in the problem
(which in this instance will be seen to be only T and (r §)7'%).
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There would seem to be evidence that at least in some cir-
cumstances the predator’s functional and numerical

responses do have such short time lags. Thus in their
extensive study of freshwater ammal commumues, Hall,

Cooper, and Werner (1970) CDI‘IF]lIdL‘d that the dmnin:ant
predator, the bluefish, had a quick response to numerical
changes in the prey; this bluehsh plays a mlel closely
analogous o that of Pivuster in Paine’s (1966) S.IUdIES. Th{‘
inclusion of time delays in the predator-prey interactions
can be carried out, at least to a good approximanon, and
it has qualitatively the same effect as the destabilizing pred-
ator functional response treated by May. In this context
it is appropriate to refer to the work of Wangcersky and
Cunningham (1957), which would seem to he the only
previous work on three-level systems incorporating time
lags. These authors deal with a vegetation-herbivore-
carnivore system where the only time delavs are in the
prey-predator interaction term. Their work thus has the
unusual teature that the prey-predator systems are in-
variubly less stable than those with prey alone. Were this
a feature of the real world, resource munagement would be
easier. Goel, Maitra, and Montroll (1971) have recently
revisited Wangersky's and Cunningham’s model, and cor-
rected some faults in the mathematics, but as the basic
premise seems ill-chosen this is somewhat beside the point,

We further assume that, as often happens in the real
world. the equilibrium prey population in the totl pred-
ator-prey system (4.15), H* = b/8, is significantly less than
that set by environmental resources alone, K. The natural
ine scale in this system is then essentially

Ty = (r b2, (4.16)

which is to say the geometric mean of the intrinsic time
» T« for herbivore and for carnivore populations. This
meee cole is recognizable as the Lotka-Volterra oscillatory
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period. More generally, if there is 2 destabilizing satura-
ton of the predators’ appetite or some like cffect to pro-
duce divergent oscllations in the isolated prey-predator
systetn, 7, still characterizes the time between successive
population peaks,

The vegetation-herbivore-carnivore svstem modeled
by (4.15), or by similar but more realistic equations, may
be shown to have an equilibrium point which is stable or
unstable depending on whether the time delay T is small
or large compared to this characteristic ume ¥, (May,
1972¢). That 1s, again give or take a numerical constant of
order umty, the equilibrium point is

Ti > T: stable

(4.17)
T, < T: unstable.

Figure 4.9 1llustrates the effect of introducing inte a pred-
ator-prey model, of the oscillatory kind depicted in Figure
3.2, the resource hmitation term which, in the absence of
a predator, gave Figure 4.7. The total system (which is
chosen to have T, > T) i1s quite stable, with the herbivore
population returning to 1ts equilibrium value alter being
disturbed.

Putting together the result (4.14) without predators and
the result (4.17) with predators, we arrive at a signihcant
conclusion. Suppose we have a community comprising
vegelation-herbivore-carnwvore, with the nawral tume
scales: T for the typical vegetation recovery time atter
grazing {the time delay in the resource limitation effect);
T, for the herbivore birth rate time scale; T, for the geo-
metric mean of herbivore birth rate and carnivore death
rate times, that is for the characteristic oscillatory period
of the predator-prey system in the complete absence of any
stabilizing deusity dependent terms. Then it roughly

T‘I = T < T‘i [‘IIS]
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PREY POPULATION [inousonds)

0 0 20 30 a0
TIME (1)

1 ' 1 i | |

"Ficere 4.9, This figure itlustrates the stable herbivore population
behavior which can occur in a vegetation-herbivore-carnivore
model built up [rom unstable components of the kind 1llustrated
in Figures 3.2 and 4.7. That is, it shows a numerical solution of
equation (4.15) with r =1, $=0.2, T = 3w/5, and K8/b=2: as in
Figure 3.2 the prey population is plofted as a ratio to the equilib.
num population H* (thus the dashed hine represents 1his equilil-
rium population}, and the inttal perturhation is again //(0)/H* =
0.5. Puni#* = 1.0. Essentially, the system ts now stable because.

in contrast with Figure 4.7, the natural tme scale 1s longer than
the time lag (cf. equations (4.16) and (4.17)).

the total vegetation-herbivore-carntvare system is stabile, whereas
the vegelalion-hertivgre system with na predators is unstable.
In the former case the delay time is relatively short, and so
the feedback is stabilizing. In the latter case the delay time
s relatively luong, and the feedback is destabilizing.

At least for mammalian predator-prey systems, and
possibly for a wider class, it seems that 7, is often less thun
or of the order of T, whereas the predator death rate
(8) 15 substantially smaller than the prey birth rate () so
that T, is appreciably larger than T,. Hence in such real
biological communities we expect—and often find — that
the total vegetation-herbivore-carnivore system 1s stable,
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while the simple vegetation-herhivore system, with pred-
ators removed, 15 not. (The Isle Royale unstable vegeta-
tion-moose and subsequently stable(?) vegetation-moonse-
wolf numerical data (Mech, 1966: Dixon and Cornwall,

1970) bear out these suggestions in detail in the wav that
theoreticians are fond of calling typical.)

Furthermore, this model hints at a reconciliation he-
tween some of the seemingly opposed views expressed in
the celebrated controversy between Hairston, Smith, and
Slobodkin (1960, 1967) and their critics (Murdoch, 1966:
Ehrlich and Birch, 1967). We notice that although the
equilibrium herbivore population is set by the predators
and can be much smaller than the maximum capable of
being sustained by the vegetation, so that “the world is
green,” nonetheless it is the resource limitation term “N/K”
which makes the equilibrium point a stable one. The
answer to the question whether it is available vegetation or
predators that “control” the herbivores may be that hoth
do: it the condition (4.18) prevails, the vegetation-her-
bivore system alone 1s unstable {as in Figure 4.7), the her-
bivore-carnivore system alone is unstable or at best purely
oscillatory (as in Figure 3.2), while the overall vegetation-
herbivore-carnivore system 1s quite stable (Figure 1.9).

In summary, the basic point 1s that if a biological system
has a potentially stabilizing negative feedback mechanism,
which is applied with a time delay long compared to the
natural time scale of the system, the resuit will be insta-
bility, not stability, However, by adding an extra tropbic
level we may alter the system’s characteristic time scale,
making it longer than the delay time, and so taking ad-
vantage ol 1he feedback stabilization. This s a commen
theme in systems control theory, and it provides an mnter-
esting example of a recondite strategy wherebv increased
trophic complexity can enhance stability.
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SUMMARY

Suable limit cycle behavior constitutes a natu ral explana-
ton for the p{li}ulaliﬂll cycles which are sometimes found
i natare. Such stable limit cycles can be shown to be im-
plicit in essentially all moderately realistic predator-prey
models.

{.imit cveles can also arise in a system where a potentially
slabiiixinj_e} negative feedback is applied with a time lag long
compared to the natural time scale of the system. Nichol-
son’s blowfly experiments are discussed in this light.

This theme is developed further for vegetation-her-
bivore and vegetation-herbivore-carnivore systems in
which the vegetation’s stabilizing resource limiation effect
operates on the herbivore population with a ume delay.
Under certain conditions, which are commonly met in
nature, the vegetation-herbivore system with no preda-
tors has no stable point, but the vegetation-herbivore-
carnivore system does have a stable pomnt. This model
suggests a specific mechanism whereby herbivore popula-
tion numbers may often be set neither by predators alone
nor by vegetation alone, but by an explicit interplay be-
tween both effects.
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CHAPFTER FIVE

Randomly Fluctuating
Environments

So far, all the models huve assumed an unvarving, deter-
ministic environment. But real environments are uncer.
tain, stochastic, The birth rates, carrying capacities.
competition coefhcients, and other parameters which
characterize natural biological systems all, to a greater or
lesser degree, exhibit random Huctuations. Consenuenily
equilibrium 1s not the constancy of the physicist, buy rather
an average around which the system Huctuates. FElton
(1958) observes that the “chief cause of fluctuarions in
animal pumbers 13 the instability of the environment. The
climate in most countries 18 always varving. . .."” A tren-
chant afhirmation of the wview that such environmenul
vagaries need be incorporated 1s Ehrlich’s and Birch’s
(1967) “models must be stochastic net deterministic.” For
fuller discussion along these lines, see Macfadven {1963.
p. 181), Kormondy (1969, p. 84) or Levin (1970).

For deterministic environments, we seek the constant
equilibrinm populations N¥, and then study their stability,
which follows from the dynamics of the interactions be-
tween and within species. In particular. for relatively small
amplitude disturbances, the interactions are summarized
and the stability set by the community matnx A, as dis-

cussed in Chapter 2.

Once environmental stochasticity is admitted, so that
some of the parameters are fluctuating randomly about
their mcan values, we obvioushy can no longer speak of
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the population N({) al time ¢, but only of its probability
distribution. Such a distribution function, f(n. {), gives the

probability to observe n=0, 1, 2, ..., N,.,..animals at
time {. More generally, for a community with m species,

there will be a multivariate probability distribution func-

tion, f(n,, fay ... Mws 1) By taking the usual staustical
moments of this distribution, we get the mean numbers of

animals at £; these may, or may not, be equal to the deter-
ministic populations N(() obtained from the deterministic
equations in which all the environmental paramete_rs are
fixed at their mean values. Similarly one may obtain the
variances of the fuctuating populations, and so on,

Furthermore, the analogue of the equilibrium popula-
tions, N¥, which were the time-independent solutions of
the deterministic population equations, Is the time-in-
dependent probability distribution tunction, f*(n), This
equilibrium probability distribution s to the stochasiic environ-
ment as the stable equailibrium point is to the deterministic one.

In the deterministic case, we studied the response to a
specific disturbance from the equilibrium configuration;
in the stochastic environment, an incessant sequence of such
perturbations s built into the fabric of the model. The rela-
tion between deterministic and stochastic cases is illustrated
for two interacting populations, N, and N,, in Figure 5.1.
In the deterministic environment, Figure 5.1(a), we show a
stable equilibrium point, corresponding to constant popu-
lations N¥ and N¥. If disturbed from this point, the dy-
namics of the populations’ interaction brings the system
back: for small disturbances, these dynamics are described
by the community matrix, and the characteristic time to
return to equilibrium is measured by the (negative) real
parts of the matrix’s eigenvalues A. In the stochastic en-
vironment, Figure 5.1(b), there is no longer an equilibrium
point, but rather a probabilistic “smoke cloud,” described
by the equilibrium probability distribution. There is now a
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NE N:'N; Ng

N N

FicUrg 5. 1. Schemauc representation of the character ofan equilib-
rium twog-species community in (a) a deterministic and (b} a sto-
chastic environment. In (3) we have a stable equilibrium point

corresponding to populations Nf and N%: the communitv dvpam-
ics, as measured by the eigenvalues A of the community mutrix

return the system to s equilibrium point if it is perturbed. For
the corresponding stochastic environment of (b), the equilibrium
communily is described by some time-independent probabilty
distribution: this probahility cloud s in tension between the sta-
bilizing influences of the interaction dynamics (again measured by
the eigenvalues A). which act to compact the cloud, and the de-
stabilizimg environmental fluctuadons (measured by o), which act
to disperse the cloud,

continuous spectrum of disturbances, generated by the
environmental stochasticity, and the system is in tension
between two countervailing tendencies. On the one hand,
the random environmental fluctuations {measured bv a
characteristic variance ) act to spread the cloud. to make
the probability distribution more diftuse, while on the
other hand the dynamics of the stabilizing populauon in-
teractions tend to restore the populations 10 their mean
values, to compact the cloud. For a relauvely compact
probability cloud, the interaction dynamics are agan
measured by the eigenvalues of the same community
matrix as for the deterministic case, the matrix being eval-
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nated using the mean values of the environniental parame-

ters.
We see immediately that, if the stabilizing effects of the

interactions are “strong” compared to the diftusive effects
of the random environmental {luctuations, the probability
coud will be compact, and may for many practcal pur-
poses be indistinguishable from the deterministic equilib-
rium point. In such cases, the deterministic model will be
entirely relevant, Conversely, if the stability provided by
the population interactions 15 “weak” compared with the
environmental variance, then (even though the deter-
ministic model may be eminently stable) the probability
ctoud is highly dispersed, with a significant hkelihood that
one or both species’ population may vanish. In such a case,

the deterministic model clearly is irrelevant.
This point can be developed further with another im-

pressionistic picture. For models with determinmistic en-
vironmental parameters, we have a stable neighborhood of
the equilibrium point if and only if all eigenvalues of the
community matrix lie in the left-hand haif of the complex
plane: Figure 5.2(a). For the corresponding model with
stochastic parameters, this condition is necessary, but in-
suthcient, for the existence of a relatively compact equilib-
riun probability cloud for the population. 1t is required,
in addition, that the stability provided by the interactions,
which is measured by the real parts of the community
matrix eigenvalues, be suthciently great to counteract the
diffusive effects of the random fluctuations. Thus the
eigenvalues must all lie to the left of the imaginary axis
by an amount measured roughly by the degree of environ-
mental variance: Figure 5.2(b). In the deterministic en-
vironment, we require only that the terrain siope every-
where upward from a stable equilibrium valley {which is
ensured by Figure 5.2(a)). In the stochastic environment,
the landscape is heaving up and down like the Hoor of a
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fun-house, and the intrinsic nupwar stope st be great
enough to forbid any significant Huctnation g gy downward
slope (which 1s ensured by Figure 5.2{h)).

In determiniﬂstif. civeumstances, “stability” usually refers
to the propensity to return to an cqutlibriam pomt. In sto-
chastic circumstances, it intuitively seems appropriate
to reter to systems characterized by large Huctuations in the
population numbers as “unstable,” and 10 those with rela.
tively small fluctuations as “stable.” These usages may be
related by recalling the definition of the quantity A (equa-
tion (2.18)), which measures how far to the teft of the Imag-
inary axis the largest eigenvalue of the COmMMuNIty matrix
lies. Neighborhood stability in the mechanical, determinis-
tic sense I an unvarying environment simply requires
A > 0. In a stochastic environment, whose random fluc-

b)

7 e
v
,

Ficure 5.2. The eigenvalues A of the communily matrix .4 may be
represented as points (x, ) in the complex plane, [n the deter
mirtistic case, (a), the criterion for an equilibrium community o be
stable with respect 1o small disiurbunces is that all such eygen-
values have negative real parts, i.e. lie in the hatched area ot {al.
For a stochastic environment, (b), with a variance r:h;lrm_;terufd
by o, it is necessary for the eigenvalues to lie B enough o the
left-half plane for their stabilization to countervall against the
diffusive effects of the random Buctuations, 1.e. they need 1o be in
the hatched area of (b).

g
2
%
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tuations arc typified by some variance o, the stability pro-
vided by the population interacuon dynamics s again char-
acterized by \. It is no longer enough that A > 0, for if A
is significamly less than a?, the populations will :E}chibit
large fluctuations, rapidly leading to {local} extinction. In
the intermediate region where A and o“are commensurate,
the populations are likely to undergo sigmhcant Huctua-
tions, even though they persist for long umes. Finally,
if A is much greater than o, the population Huctuations
are relatively small, and the environment 1s effectively de-
terminate. Thus the rather intuitive usage, which measures
“stability” or “instability” by the relative magmiude of the
population fluctuations in a stochasuc environment, is
tied to the ratio between A and o”. It depends on the
balance of power between the countervailing forces of
stabilizing population interactions and randomizing en-
vironmental fluctuations.

The remainder of the chapter substantiates the above
assertions. First, a general equation for the probability
distribution function 1s given, and then examples of en-
vironmentally stochastic systems with I, 2, and m species
are discussed, The presentation here is self-contained only
with respect to the broad conclusions: fuller accounts of the
detatls ot the various examples are in Lewonun and Cohen

(1969), Levins (1969a, b), and May (1972f).

THE FOKKER-PLANCK OR DIFFUSION EQUATION
Consider the single species population whose dynamics
are described by equation (2.1),

dN(2)
dt

= F(N@)). (5.1)

If now the environment is randomly Huctuating, so that
one or more of the parameters in this general equation are
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stochastic variables, we need 1 reformulate the math

matics 1 terms of the pruhability cdistriby -
f(n, 0. In the interesting and general case
ability 15 “white noise” (an
the partial differential equa

tion function
! when the vari.
assumption discussed below),
tion for the probahility diseri-
bution is called, depending on the author's background
the Fokker-Planck, or the Kolmogorov, or simply.the difj
flision cquation:

o, ) L a*
= M S0 % 5 2 ) . 5.

Here M{#) 1s defined as the mean value, and F(n) as the
variance, of the right-hand side of equation (3.1):

M(n) = {(F(n)) (5.3)
Vi) = ((F(n) — M), (5.4)

These averages are taken over all the stochastic parame-
ters tn the function F. The equilibrium probability dis-
tributton, it 1t exists, is then given by

d 1 4~

0= === (M) f*() + 5 25 (F00) f*). (5.3)

More generally, if the m-species community of equations

(2.8),

dN {1)
(df

— ‘Fi (‘\rrl(‘f): Nﬂ(t)! LN *'\';m{r))r (56)

incorporates some white noise environmental fuctuations,
the joint probabtlity distribution f(in, na, . ... e O will
obey the appropriate generalization of equation (5.2):

1
-

ﬁj 1 J N 1 1 FH e . )
or 2 an, (Mif)+ 9 f§: dn ;AN Fuf) BD

-
—
—r

Here, in logical extension of the above definitions,
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1Mi(”l_|, Hao o+ o s ”H’l) = <f:i‘} [HB)
) = (i — MMF;— Ay (5.9)

Falng vay oo s

These averages are taken with respect to all Huctuating
environmenial parameters. Again the equilibrivm proba-
bility distribution f*(n,, a. . . .. n. ). if 1t exists, is the solu-
tion of equation (5.7) with the left-hand side equal to zero,
In equations (5.2), (5.5), and (5.7), the first term on the
righi-hand side is the “dnft” or "friction” term. It repre-
sents the interaction dynamics of the system, and, if the de-
terministic system is stable, this term secks to prevent the
probability cloud from fuzzing out; it corresponds 10 the
inward arrow in Figure 5.1(b}. Conversely, the second term
on the right-hand side in (5.2), (5.5), and (5.7) 1s the “dif-
fusion™ term, which derives front the environmental sto-
chasticity, and acts to disperse the cloud; 1t corresponds to

the outward arrow in Figure 5.1(b).
In the limiting case of no environmental variability, it

can be shown that equations (5.2) and (5.7} collapse back
to (5.1) and (5.6), respectively, and that the cloud of
Figure 5.1(b) shrinks to the point of Figure 5.1(a).

The Fokker-Planck equation rests on the assumption
that the random fuctuations in the environmentul or
other parameters are “white noise.” That is, the random
disttibution from which the fluctuations are drawn is the
same at all umes (no systematic evolutionary change in the
environment), with a variance measured by o, say, and
there 1s no correlation between the fluctuations at succes-
sive inslants. The assumption of “white noise” corresponds
to specific assumptions about the higher moments of the
noise spectrum, which in turn lead to the Fokker-Plunk
equalion,

In practice, this “no serial autocorrelation” assumption
means only that fluctuations be correlated over times short
compared to all other relevant time scales in the system.
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An equivalent alternaf,we Statement is that if 1he noise
spectrim be I:E:‘inl‘lu'l':.‘.fl It 1ts consutuent frequency com.
ponents, "whi%e noise” 1s that with gl fI'EflUEI"IC}:‘ Com-
ponents equal 1n @ugnitude (hence the terminology: there
ts no preferred frequency, no “color”). {n a sense, white
poise, with its absence of temporal correlations, is the
oppusite exireme trom the deterministic case, where the
temporal correlations are perfect. We may thus hope 10
“hracket” reality between these extremes. lnteresﬂng com-
plications can arise for a nonwhite nojse spectrum with g
correlation ume of the same order as some natural time
scale in the system; that is for a noise spectrum with 2
“color” which resonates with some natural Irequency in
the system. This interesting question is rarely raised in the
literature on stochastic equations, which usually assumes
whilte noise without further discussion, and we shall follow
suit by not pursuing these complications here.

Appendix IV contains some more technical discussion of
these pomnts,

SINGLE SPECIES MODELS WITH NO STEADY STATE

The simplest model containing environmental ran-
domness 18 the pure exponential growth process with a
fluctuating growth rate, as exhibited in equation (2.37).
The analogous difference equatton, for a population of
discrete generations growing exponentially at a Huctuaung
rate, has been studied by Lewontin and Cohen (1969:
equation (2.22) with r a random variwable). They press the
counterintuitive point that “If a population 15 growing mn
a randomly varying environment, such that the bnue rate
of increase per generation is a random variable with no
serial autocorrelation. . . . even though the expectation of
population size may grow indefinitely large with time. the
probability of extinction may approach unity.” A precisely
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similar conclusion holds tor the continuous growth model

of equation (2.37) (May, 1973). Lewontn and Cohen's

remarks have recently been corrvoborated by numerical

simulation studies (Roff, 1972).
The deterministic exponential growth process does not

admit of an equilibrium point (excepl for the knite-edge
case of zero growth rate). and is consequently less Interest-
ing than those which do. Even so, 1t 1s worth noting the
hasic message emerging from these simplest models of
population growth n a randomly varying environment,
namelv that such fluctuations do not merely enhance the
pussib::!it} of extinction {(which 1s intuitively obvious), but,
if large enough, will produce extinction even in a pop-
ulation whose expectation value is mcreasing exponen-

trally,

SINGLE-SPECIES MODELS WITH A STEADY STATE

The paradigm for a single-species model with a stable
equilibrium point 1s the familiar logistic equation of
population growth (cf. equation (2.7)),

dN(1)

—— =N [k —N©] (5.10)

Here 4 represents the carrying capacity. and the time has
been resculed to absorb the conventional factor »/k (as-
sumed 10 be positive). Levins (1969b) has catalogued the
separate effects of introducing stochasticity into the Fac-
tors r, &, and a combination of the two; his results are
similar to, but less explicit than, ours. We choose to work
with the form (5.10) because it is mathematically trans-
parent, and 1s 1n the form which arises naturally in Cha pLer
6.

In the deterministic case, the community matvix in the
vicinity of the point N* = k has the siigle eigenvalue —4,
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1 L a .

which 18 to say A = k: stability follows sq
(see p. 20).

Now suppose the environmental parameter
randomly,

long as A > 0
k varies

=k (), (5.11)

Here 4, 1s a constant, being the mean valye of k, and ()
is white noise with mean zero and variance o=, The appro.
priate Fokker-Planck equation for the population prob.
ability distribution f(», o) may be written down, applying
the recipes (5.3} and (5.4) to calculate the “friction™ Jand
“diffusion” coefhicients corresponding 1o equation (3,10)
with (5.11). The steady equilibrium probability distribution
{¥(m), 1 1t can sensibly be said to exist, is then obtained by
putting the left-hand side of the Fokker-Planck equaliﬂﬁ
equal to zero, as in the general equation (5.9). The result-
ing equilibrium probability function is a standard “Pear-
soit Type II17 gamma distribution

j'tk(“) — C[”]El.’r”;trﬂI-—:!F-—(Em'trE]‘ (512}
provided
ko, > Yaor®, (5.13)

There 1s no equilibrium solution otherwise, C is the nor-
malization constant, making the integrated probability
unity. The derivation of this result is sketched in Appendix
V.

This probability distribution is illustrated in Figure
5.3. The area under this curve between n =0 and n =1
represents the probability that, in the real world where
animal numbers come with Integer values, there will be
extinction; clearly it the average carrving capacity 4, is a
large number this extinction probability can be negligibly
small, provided 1/, significantly exceeds Va0

From this probability distribution it follows that the
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Fioure 5.3. The equilibrium prababidits {I+i5[1'if]ll[iilﬂ. f*(n). [or a
single-species popularion, n, whose dynamics are described by the
diffcrential equation (5.10) with the stochastic parameter (5.11),
The population is displayed as a ratio to the {lE[EI‘Inmlﬁrll{J cquilil-
rium population, ie. as nik,, The Em'irunm_enl:ll varknce here
is of = (. Nk,. The illustration bears out the discussion in the text,
particularly the displacement of the mean (0.9 k) and modal
{0.8 4,) populations 10 values below the determaistic one (4,).
The dashed line depicts the corresponding approximate prob-
ability distribution of equation (5.17). The approximation is seen
to be reasonabte, even four this substanual (20%) level of environ-

mental vartance.

mean population in the community described by equation
(5.10) in a stochastic environment 1s

(n) =h[1 — (o7128,)]. (5.14)

The root-mean-square relative fuctuation of the pop-
ulatton about this mean can likewise be shown to be

VI =D [ (0%2h) "
() {lﬂ(u‘-’fﬂfm)} SRR

We note that the relative fluctuations become increasingly
severe as o increases towards 2k, beyond which no equi-
librtum solution exists.

Further ilustration is provided by Figure 5.4, which
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shows the fluctuating population Obtained §
numerical solution of equation (5,
number generator to give the
equation (5.11).

These exact nonlinear results all hear out
remarks made at the beginning of the chapter. The | x |
community matrix in this stochastic case, evaluated usjng
the average environmental parameters, has the eigen e
—k,. Consequently the familbiar qQuaniity A, which measyres
the stabilizing effects of the Population interactions
just A=1%k,, We see from equation (5,13) that, for \ <
Ypo?, the environmental fluctuations are S0 significant
that no steady probability distribution exists: the

rined Irom a direcy
) iself, using 4 random
stochastic parameter kof

the genery

value

15

- dis System
is doomed to speedy extinction. For A > Y20+, but not
2
2
1 ag =00l | L
NG \ ¥ L‘ |
|
“5=0-2
‘f—-—-gg: 2
5 50 100
t

Ficure 5.4. The Rucwuating population V() as a functon of ¢,
obtamed directly from computation on equanunn (5.10). We repeat
the same run ol random numbers tor &, characterized huowever by
three diflerent variances, Rescaling the deterministic equihbrium
population ta he unitv (4, = 1), we see that for ® =001 Huctua-
tons are soidl, tor o@ = 0.2 they are apprevible (this bemny the
case tlustruted i Figure 5.3), while for ¢¥ = 2 the population 13
soon extinguished (the criterion (3.13) is violated, and there 1s no
equilibrivnm probability distnibuton).
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much greater, the fuctuations about the long term average
population are severe. As A becomes 51111)5[::1111.1;-{]1)-‘ greuter
than Vea®. the fluctuations become relatively umimportant,
and in the limit A ® V2o0° the deternunistic solution is
recovered. This is as suggested by Figure 5.2(b).

Another consequence of our nonlinear analysis 1s the
observation that Huctuations in the carrying capacity re-
sult in a long term average population number which is
less by a factor [1 ~ (o%/24,)] than would be deduced from
simply using the mean carrying capacity w a deterministic
population equation. Thus, increasing environmental
Auctuations hurt a population in two ways, as they both
increase the relative severity ot population fluctuatons
and depress the average population numbers. This feature
of a stochastic environment has been poiuted out by Levins
(1969a, 1970a). Although arriving at his conclusions from
a quite different viewpoint, and using very different ana-
lytic techniques, Thomas (1971) has similarly observed that
communities inhabiting fluctuating environments will tend
to maintain an average population below what he calls the
“malthusian” value, which roughly corresponds o the
deterministic mean; Thomas adduces some data from
primitive human societies to support this view. The ex-
tensive numerical simulations carried out by Roff (1972)
tor the extinction and persistence of populations with
densiy-dependent random growth rates also substantiate
the tendencies remarked above,

Finally, although an exact solution of the nonlinear
stochastic equation was possible in this example, it 15 1n-
teresting to look at an approximate solution, which has
validity when the probability cloud is not oo diffuse.

Let the quantity v measure the fractional fluctuation of
the populfation from its deterministic value, N* = 4 :

p—ﬂ_N*z n—k,
N* k,
122
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If. m the formulice (5.3) and (5.4 for the friction andd
diffusion coethcients, we now wse 4 linearized APPTOXIM;

tion for /1(u}, in which terms of order = and higher '1:;
discarded, we oblain g Fokker-Plinck cquation for ;he
al}prfﬁaill‘szltf cquilibrium ]wr}hslhil'ﬂj.' chstributjon f'*{p}
The equanion, which represents g valid '

s APPrOXunaton so
long as the equilibrium proty,

thiliy clonid is not 1o diffuse
gives 1ise Lo the gaussian distribution {Appendix V)

f*(v) = [kofmrot]'e exp (—k,v*/o?). (5.17)

That is. the Bucluating population s approximarely
distributed normally, with mean (2 =0 or (n) =} '

TS
with vaviance o*/2k,. This approxinate distrihu[i:nn i
displaved along with the fully exact solution in Figure
5.3,
Notice that this approximation gives an excellent quali-
tative description of the exact results discussed above. On
the basis ol the approximate probability distribution
(5.17), we correctly conclude that the population Huctua-
uons ave characterized by a mean square magniude

V¢~ otk = gifA, (3.18)

so long as o s appreciably less than .\ the fluctuations
ire not too severe: but once ¥ is ot the order of, much less
rreater than, A the Auctuations are so severe as to dis-
perse the probability cloud to the 5= 0 axis, so that al-
nough the approximation now breaks down it correcuy
suggests that such a populanon cannot persist.

TWO COMPETITORS IN A
STOUHASTIC ENVIRONMENT

A next step from single-species populations 1s w wo
ompetng species, with populations N(f) and N,
For specilicity, we consider the convennonal simple
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compeLiion equations

.‘E’%@ SN [~ N —a N, (9] (5.19a)

N
W) o Ne) The = N =@ Ny @) (5.19b)
Here the coeficient a measures the (synunetric) competi-
rion between the two species for the resources measured

by the environmental parameters 4, and 4.
In the deterministic case. k, and k, are constant, and the

analysis proceeds as indicated in Chapter 2. First the
deterministic equilibriusm populations Nf and N¥ are
found by putting the growth rates zero, and then the 2 X 2
community matrix in the neighborhood ot this equihb-
rium point is
—N¥T  —aN¥
A= : (5.20)
—aNT —N¥
Both eigenvalues of this matrix are negative if, and only
if, the competition coeflicient « < 1, which is the well-
known Gause-Lotka-Volterra criterion for stable iwo-
species competition. Although derived by a neighbor-
hood stability analysis, the result 1s easily extended (either
analvucally, or by topological phase-plane methods) into
the entire positive Ny — N, population plane. More specif-
ically, we may put k, = k, = &, so that

Nk =N$ = £/(] + a) = N*, (5.21)

The dominant eigenvalue of the community matrix is chen
—N*(1 — a), corresponding to the stability determining
entity A being

A = N¥(1 — a). (5.22)

The deterministic stability criterion, A > 0, plainly re-
quires o < |,
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2!'""

(a) a- o

N,(t)

Ficure 5.5(a). A history of the two populations N,{f) and N0,
obtained by solving the coupled non-limear stochasiic diferential
equations (5,19) with (5.23) on a computer, for a typical run of
random numbers. The 200 points represent the poptiation values
at successive integer ume steps {although the calculatian is a con-
tinuous time one): they give a good impression of the exact jaint
probability distnbutivn. The population magnitudes are rescaled
so that &, = I, and we 1ake o* =0.05, In this figure the competi-
tion coefhcient o = 0. so that here the two populations are quie
independent, the fluctuation character of each being as tlustraced
in Figuees 5.3 and 5.4,

The solid circle derives from the approximate joint probability
distribution (5.25), and approximates the probability contour
line within which 90% ot the points lie. This approximate dis-
tribution (5.25} is the two-species analogue of the single-species
approximation displayed as the cdashed curve in Figure 5.3.

Random environmental Huctuations may be mtroduced.
as before, by considering the parameters &, and &, to be
random variables. We write

Jié'l = kﬂ + ?1[”
(5.23)

ke = Ky + v1(0).
Here %, is the (common) mean value, and v,(f) and v,/
are independent “white noise” random Auctuations. char-
acterized by a common variance a2 and a common mean
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2-—-
(b @ =05

}\12{1:}

o i
N,(t)

FicURE 5.5(b). As for Figure 5.5{a), except that the competition

coefficient a = 0.5, and the two fluctuating populations are now

correlated. Again the solid curve denotes the Q0% probability
contour based on the approximate joint probability distribution

(5.25).

of zero. Employing the recipes (5.8) and (5.9), a Fokker-
Planck equation may be obtained for the ime-independent
equilibrium probability distribution, [ *(n,, n;). This equa-
tion is rather intractable.

However, the exact nonlinear behavior may still be 1n-
vestigated, by studying the original dynamical equations
(5.19), with their randomly fuctuating coefhcients (5.23),
on a computer. In Figure 5.5 we show how the two popula-
tions vary together for a typical run of random numbers,
tor three different values of the competition coefficient ¢,
namely « =0, 0.5, 0.85 (k, and ¢° being kept fixed). The
noniear stochastic differential equations are solved nu-
merially, and the two populations N (/) and N.{#) are
represented by a point which is plotted at successive in-

() time units. (Were we to plot the actual “phase tra-
" as a continuous line, rather than the points at
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particular times, we would hyve
tracks of an ink-dipped millipede.
ticular realization of the schematjc MNusiration §;
5.1(b), and is in effect the [wo-species analogue of l«ﬂig:':”-T
5.4. The l*?igures 5.5(a)-(c) clearly show that, as thf cl:i
efficient o increases toward unity, the relative Huctuations
in the populations become more marked.

Although a full analytic solution of the Fokker-
equation 15 not feasible, if the probability cloud is not oo
diffuse an approximation may be obtained in the spirit of
equation (5.17) of the preceding section. Follow
previous analysis, we first define quantities p,
which measure the relative fluctuations of the 1
ulations about their deterministic mean v
given by equation (5.21);

MEss resembling 1he
) Figure 55 5 4 par-

Planck

ing the
and p,,
WO pop-
alues, which are

(c} O=0-85

I
N,(t)

FIGURE 5.5{c}). Again as above, but with & =0.85. From the se-
(quence 5.5(a)-(b}-(c} we note that, as the compettion cocthcient
Increases, the [luctations become relatively more and more severe,
and the chance of a population Auctuating below any given low
level increases. The analytic approximanon (5.23) continues o
give a reliable impression of ihe exact joint probabilinn distri-
bution, described by the ensemble of numerically computed points.
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n, — N¥* oy — N
HIES Ihr* aﬂd o = N* ) (5-24)

If the stochastic equations (5.19) with (5.23) are now lin-
carized, discarding terms of order % and higher, belore
being put into the recipes (3.8) and (5.9) for the Fokker-
PlLinck coefficients, we arrive at a relatively simple equa-
tion for the approximate equilibrium probability distri-
buton f’*[p,, p,y. The solution, obtained 1 Appendix V,

is the bivariate normal distribution

"
-

ey

- N* 1k " L
Frn v =€ exp [~ 0+ 2avm + %) R

Here € is just a normalization constant to make the total
pre” ility unity.

The contours of equal probability described by the
function (5.25) are ellipses in the plane of the popula.
tions », and n, The sohd ellipses 1in Tnigure 5.5 are the
contour lines such that {in this approximation) 1t 1s 90%
probible the populations », and »n, lie inside them, The
analylic approximation accords well with the exact nu-
merically derived resulis in Figure 5.5 (i.e. the exact prob-
abiluy distnibution indicated by the dot density); the nu-
merical results suggest the exact probability distribution
has contour hnes which are somewhat banana-shaped,

rather than ellipses.
Alternatively, we may look at the approximate equilib-

rium probability distribution for any one population in
this two-species system. By integrating over all values of
the second population, »,, we obtain the one-species prob-
abnfity distribution:

[*(v)) =D exp [—kﬂ(l — ﬂ)i-'f,/fr"’]- (5.26)
" again D is the relevant normalization constant. This
result is to be contrasted directly with the result {5.17) for
Law sieede-species system. The mean square magnitude of
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fluctuation i Now roughly chyr

(r? 12

kil =) A (5.27)
Recall that the probability cloue will
ciable ume only if this characteristic Huctuation magnitude
is significanty less than unity. If we contrast (3.18) and
(5.27), the stability provided by the population dvnamics
is now measured by £(1 — o), rather thay the Singlf:-ﬂpECitﬁ
value k,; by the eigenvalue magnitude A\ = N1 ~ @) of
equation (5.22), rather than the single-species  value
A = N*. Thus, as « increases, the interaction dyvnamics
provides an ever-weaker stabilizing inAuence to offset the
randomizing o-.

These analytic results are approximate, but, as seen in
the previous section, they are likely to be gualatively
correct, and they march with the exact numerical wnri-;
above.

This two-species discussion accords with our previous
understanding. In the deterministic case, stability 1s
assured so long as the largest eigenvalue of the interaction
matrix remains negative, that is A > 0, which is ensured by
a < 1. In the stochastic case, even though « remains less
than unity, as it increases .\ becomes smuller, and the ten-
sion between stabilizing interaction dvnamics (measured
by A) and randomizing environmental Huctuations (meas-

ured by o*) 1s tipped increasingly in favor of the latter.

persist for an appre-

PREDATOR-PREY IN A
STOCHASTIC ENVIRONMENT

The preceding analysis could be vepeated. step by step.
tor a two-spectes community of predator and prey.
A thorough discussion ot such a svstem has been gnen
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by Morton and Corrsin (1969). They treat a system which
is equivalent o 4 one-predator-one-prey. model, with
Lotka-Volterra interactions, enriched by a complicated
stabilizing dt?nﬁil}'-rfE;JL"nrlEm tcrm n the prey birth rate,
and with a term corresponding to environmental stochas-
ticity. On the one hand, the paper gives a penetrating
account. from first principles. of the application of the
Fokker-Planck equation to the system, and on the other
hand. an analogue computer is constructed to check tha
reality acknowledges this analytic solution.

Th;f‘ detatled results of this model can be shown to re-

echo our consistent theme. With no stochastcity. the sys.
tem is stable. with both eigenvalues of the 2 X 2 community
matrix having negative real parts (A > 0). Witha randomly
fluctuating parameter, whose variance 1s characterized by
o?, the prey and predator populations will have fluctua-
tions so severe as soon to produce exuncuon unless A is

significantly greater than o,

MULTISPECIES MODELS IN STOCHASTIC
ENVIRONMENTS

For a determintsuc environment, we have already seen
that the m-species population model described by the gen-
eral set of equations (2.8) will have a stable equilibrium
pont if. and only if, all m eigenvalues of the community
matrix 4 of equation (2.13) have negative real parts: Fig-
ure 5.2(a).

Suppose now thut in this general system the environ-
mental fluctuations give rise to random variations in the
mteraction parameters, such as the birth rates, predation
rates. carrying capacities, and so on. The task of finding
the equilibrium multivariate probability distribution func-
tlon f*(n,, n,, . .., n,) for the m Auctuating populations,
mach less the full time-dependent probability function
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f(fy, M2y v o oo M} t), 15 In general clegr
"~ However, if this m-dimensional equilibrium probabiliry
cloud is not too diffuse, so that the relative population fly }
tuations about their deterministic mean values, -

¥ Quite hopeless.

m— NY
N¥ (=1,2,.. ., m) (5.28)

Vi

tend to remain small, the method developed above mav
be used to get an approximate equilibrium J

sed ‘ | probability
distribution. The details of this calculation

are outlined in
Appendix V. In essence, vne observes that, if the white

noise in the environmental parameters is relatively smalj,
the equation for the probability distribution function can
be expanded around the deterministic equilibrium potnt.
The equilibrium probabiliy distribution, if it exists, Is
then seen to have the form of a muluvariate gaussian dis-
tributton i the populations of the m species: the means
are the deterministic populations, and the variances and
covariances in the populations are related to those in the
environmental Auctuatons.

Specifically, this approximate equilibrium distribution
for the populauon fluctuations vy, v, . . ., v, is the mult-
variate normal distribution

j*(FJ; Va, .« ., PHI) = exp [E I["i-Bi—j]l"'j]- (5.29}

Here the m X m symmetric covariance matrix B can be
seen to be the solution of the Lyapunov matnx equation

D = Ya(BA + ATB). (5.30)

The elements d;; of the matrix D formallv represent the
overall covariance between the white noise fluctuations in
the stochastic differential ¢cquation for the ith species and

that for the jth. The m X m matix A 1s
A4 = (N*)"t AN*, (5.3
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where 4 is exactly the community matrix of equation
(2.13), evaluated using the average values for all environ-
mental parameters, and N* is the m X m diagoual matrix
with diagmnal elements N7, As observed in Appendix 11
(p. 193). 4 and A necessarily have identical mgenvafues SO
that. as descriptions of the dynamical interactions, 4 and
4 are effectively the same entity. A7 is the transpnse of 4.
For the equilibrium probability distribution (5.29) to be a
sensible one, the quadratic form in the exponent must be
negative definite. As D is posiuve definite, this requires
the community matrix .4 to be a negative torm. which is
to say to have all its eigenvalues in the left-halt plane,
Th us the deterministic stability criterion is a necessary, but
not sufficient, condition for the existence of an equilibrium
prohability distribution in the stochastic casc.

For the above approximartion to be meaningtul, we re-
member that the relauve population fluctuations v; must
tend to remain sigmhcantly less than unity. Expressed as
a condition on the matrix B, this requires all the eigen-
values of B™! to have magmitudes sigmficantly greater than
unity, if the probability cloud is to remain relatively com-
pact. (Remember, B™' 1s symmetric, so all 1ts eigenvalues
are reai: 1t 1s also necessary, as noted above, that they be
negative.} This is just the requirement worked out in de-
tail in one dimension in equation (5.18), and in two
dimenstons in equation (5.27).

For the rather special case where the matrix 1 is sym-
metric, as it the class of m-species competition models
discussed in the next chapter, equation (5.30) simplifies
o

B'=pD4 (5.39)

If, in addition, the random environmental Huctuations all
have a common variance o2 but there are no correlations
between the stochastic parametersin the various equations,
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then 1 is a diagonal matrix with elements (52 Consequent
. ' t’:n .".

B = o, (5.33)
the eigenvalues of 87" are sunply the eigenvalues of i

(which are identical with those of ) divided by o The
requirement that all the eigenvalues of g1 have n"llagni-
tudes significantly greater than unity then becomes the
requiremnent that all the eigenvalues of 1 have magnitudes
signiﬁcunll}‘ larger than o*, which is16 say the rﬁquiremenll

A > o (5.34)

With this constraint satished, the multivariace probability
cloud for this parucular stochastic model will be cnmpaﬁ

enough to tend to persist. The corresponding deterministic
stability criterion is, of course, merely that

A>0. (5.35)

DETERMINISTIC POPULATION VARIATIONS

So far in this chapter, it has been assumed that in the
deterministic environment the stable equilibrium popula-
tions all have constant (time-independent) values. But a
variety of different mechanisms can cause the siable equi-
hibrium community in a fully deterministic environment to
exhibit well-defined population oscillations. For such a
cyclic equilibrium, the populations of the various species
undergo regular, periodic oscillations between maximum
and minimum values set by the deterministic environ-
mental parameters in the model equations. Similarly the
period of such cycles will be set by the mtrimsic parameters
of the system.

One way of achieving such a cyclic equilibrium 1s 10
allow one or more of the paraneters to have some spec-
ifiec. neriodic time dependence. For example. the model
may embody some entirely deterministic seasonahty. The
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simplest paradigm is a single species growing exponen tially

at a rate () which varies in some periodic fashion:

AN _ o N (5.36)

dt
Here r(t) is some periodic function, with period T, having
the value zero when averaged over a complete cycle,

f e di = 0. (5.37)

The consequent pGPUIHIiUn oscillates up and down, with
period 7, in a completely deterministic manner,

N(#) = N{o} exp Uﬁr r(t') a"{’]. (5.38)

f)

Considerably more complicated models can obviously be
constructed along these lines, and indeed there exists 2
large mathematical literature on systems of equations with
periodic coefhcients,

Stable cyclic equilibria may alternatively be obtained
even when all the environmental parameters are unvarying
constants. This happens when the nonlinear equations
describing the dynamics of interacung populations have
stable limit cycle solutions. As we saw in Chapter 4, such
deterministic stable limit cycles can easily arise from exces-
sive ume delays in feedback mechanisms, or from the dy-
namics of predator-prey models.

The general tenor of these remarks is that, in a deter-
ministic environment, the community’s stable equilibrium
1s not necessarily a set of constant populations, but may be
a well-defined pattern of cyclic population oscillations.
Determumsuc equilibria may be the point typified by Fig-
ure 5.1(a), or equally well the trajectory typified by Figure
5.6(a).

As before, any one of these deterministic environment
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{a)

(b)

Yit) -

I 1 | T

X(t) Xt1)

FIGURE 5.6. A specific example of the general points covered in the
cext. X(I) and Y({©) are dimensionless variables formed from the
prey and predator populations, H{:y and Pth), respecuvely, of
equation {4.4}: X =cH, Y = (ckir)P. In case (2) these population
numbers endlessly trace out a deterministic stable limit cvele as
e passes; we show computed results for 3/h= 15, K = 4 r=h
In case (b), with environmental stochasticity introduced via equa-
iton (5.39) with ¢7%4r, = 0.1, we show the populattons’ trajectory for
a typical run of random numbers in (5.39), Figure 5.6(b) givés an

impressinn ot the ring-shaped Pr”bahi“t}’ cloud that now replaces
the deterministic trajectory of 5.6(a).

models may be converted to a stochastic one by allowing
one or more of the parameters to have an element of ran-
dom fluctuanion. This continuous spectrum of environ-
mental noise will, as before, destroy the repetitive deter-
minacy of the population cycles. In place of the trajectory
followed around and around by the populations in Fig-
ure 5.6(a), we have a “fuzzed out” probability distribution
for the populations, with stochasuc [luctuatons supernim-
posed on deterministic oscillations.

As a specific example, consider the community com-
prising a prey population H({f) and predator population
P(t), whose dynamics obey the equation (4.4) discussed
in Chapter 4 (p. 84). If the prey self-imration 15 rela-
tively weak, a stable limit cvcle ensues. One such hinmt
cycle for the system is computed in Figure 3.6(a). An ele-
ment of environmental randomness may be introduced.
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for example, by writing the prey growth rate parameter r

a%

r=r, + ¥ (5.39)

Here r, 1s the (constant) mcan value, and y(/} 1s randomly
Auctuating white noise. with mean zero and variance char-
acterized by o, A typical computer run tor the population
history in this randomly varying system is shown n Figure
5.6{hj: and it conveys a good impression of the donut-
shaped probabiluy cloud which now describes the system,
The corresponding prey population as a function of time
is displayed in Figure 4.3 (p. 9)).

In short. there is nothing qualitatively new in the con-
trast between stochastic and deterministic environments if
we begin from a cyclic deterministic equilibrem nstead
of a constant vne. Although the detailed equilibrium be-
havior can clearly be richly more comphcated than the
equilibrium point considered throughout the earlier sec-
tons, the techmicul details of the relation between environ-
mentally stochasuc and determunistic models retains the
characier indicated for the stable equilibrium point. In-
stead of passing from the determmistic point of Figure
5.1(a} tu the probabilistic “smoke cloud” of Figure 5.1(b),
we pass from the deterministic cycle of Figure 5.6(a) to the
probabilistic “smoke ring” indicated by Figure 5.6(b).

ONE KIND OF SPATIAL HETEROGENEITY

Although the effects of spatial heterogeneity are of the
utmost significance in many real populations, such efects
are omitted from this book, This was emphasized in the
introductory chapter. We pause to lift the ban for a mo-
ment.

One way that spatial heterogeneity can infuence com-
munity dynamics is by admitting a stabilizing balance be-
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ween migration and local extinetion. In other

' i cases, Spa-
tial patchiness or texture can giv

| € TiS€ 10 areas which are
complete or parual refuges tor some species, thus con-
(ributing to the community stability (Hassell anc
197%). None of these mechanisms
questions covered n this chapter.

However, on some occasions the Spatial hetemgeneity
has the eftect simply of reducing the effeciive variance in
the environmental noise. The discussion in this chapter
is then directly relevant. For example, suppose there are
p distunct patches, in each of which the population nheys

the logistic growth equation (5.10), each with ItS own
stochastic environmental parameter 4 (whose white noise

spectrum has variance ¢-), and that there is continuous
dispersal and mingling among the populations of all p
patches. The noise level then tends ctiectively to be o /p
in each patch, rather than o2 More generallv, we could
consider p patches, each with its own stochastic environ-
ment characterized by variance 2, containing communi-
ties described by any of the models in this chapter. Then
if the populations keep being completely mixed by migra-
tion, again the eflfective environmental variance is Al
rather than o . If the mixing is less than complete, the vari-
ance per patch is intermediate between ¢* and o%/p. These
consequences of this type of spatial heterogeneity have
been pointed out in general terms by Den Boer {1968), and
borne out 1in detail by the numerical simulanons of Red-
dingius and Den Boeer (1970) and Roff {1972),

In such circumstances, if there is no dispersal at all, so
that each patch remains isolated, then in each patch the
interactions between and within species must provide a
stabilization (measured by \) suthciemly grear 1o prevail
against the individual environmental variances o, It the

iy fay,
Is directly relater] toy the

environment becomes more variable, the stabihzing dvnam-
ical interactions need to become stronger. ut the popu-
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lation fluctuation level is to remain constant, Thus, with

this kind of spatial heterogeneity, migration provides an
alternative strategy, whercby the balance between swabiliz-
ng populatuon dynamics (\) and destabilizing environ-

mental variance (a?) is preserved not by increasing A but

. * i
by effectively decreasing o~

SUMMARY

This chapter has dealt with the relation between the
dynamics of population models in which all the environ.
mental parameters are strictly determmustic, and the
corresponding more realistic models with random environ-
mental Auctuations. The community matrix, evaluated in
a deterministic or an average sense as the circumstances
dictate, is seen to play a key role in both cases. In the de-
terministic environment, we need only know the signs of
the real parts of the eigenvalues ol this maurix to know
whether the population interactions are stabilizing. In the
stochastic environment, where the system may be n ten-
sion between the stabilizing population interactions and the
destabilizing environmental Huctuations, we need to con-
trast the magnitudes of the real parts of these eigenvalues
with the magmtudes of the characteristic environmental

variances.
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CHAPTER SIX

Niche Overlap and Limiting
Similarity

Onc of the basic concepts in ecology is the competitive
exclusion principle, which forbids the stable coexistence
of two or more species making their livings in identical
ways. The questions arise, how similar can competing
species be 1f they are to remain in an equilibrium com-

munity; how identical is “identical”; how closely can species
be packed 1n a natural environment?

An answer to these questions may begin by noticing that
in laboratory experiments, where the environment is
carefully kept unvarying, species whose ecology is well-
nigh identical have coexisted for long periods (see the
reviews by Miller, 1967, pp. 35-46, and 1969, pp. 67-69).
A plausible theoretical conjecture s that, in the real world,
environmental fuctuations will put a limit to the closeness
of species packing compatible with an enduring com-
munity, and that species will be packed closer or wider as
the environmental variatuons are smaller or larger (Mac-
Avthur, 1971b, 1972; Miller, 1967, p. 67, Slobodkin and
Sanders, 1969).

To put the question more sharply, we look at a class of
greatly oversimplified models. Consider a one-dimensional
resource spectrum, sustaining a series of spectes, each of
which has a preferred position in the spectrum and a char-
acteristic variance about this mean position, described by
some “utilization function” as shown in Figure 6.1. bor
example the resource spectrum may be fvod size. and the
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trorre 6.1, The curve labeled K represents some resource con-
inuum, say amount of food as a funcuon of tood size, which sus.
rains various species whose uuhzation functions (characterized
by a standard deviation w and a separation d) are as shown,

consumers may be bird species each having a uulizauon
function which describes their mean food size and 1its vari-
ance. The dynamics of this situation may be plausibly
modeled by a system of first-order differential equations,
with competition cocflicients which depend on how closely
species are packed, that is on the degree of niche overlap,
on the ratio of 1o w in Figure 6.1.

In the stability analysis of such models, two qualitatively
different circumstances need be distinguished.

In the unrealistic case when all the environmental pa-
rameters are strictly constant (deterministic), then in
general the system can remain stable even if an arbitrarily
large number of spectes are packed 1, arbitrarily close,

On the other hand, when the relevant environmental
parameters fluctuate (stochastic environment), there is an
effecuve limit to the niche overlap consistent with long
term stability. This limit to species packing can be shown
o depend on the environmental variance in a far-from-
obvious and extremely interesting way (cf. Figure 6.3), If
the fluctuations in the resource spectrum are severe,
having variances comparable in magnitude with their mean
\alues, the species packing is indeed roughly proportional
to the environmental variance, as one would expect in-
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twiuvely. But, for fluctuations ranging from moderate 10
exceedingly small, the species packing attains an efective
himiting value roughly equal to the width of the utilization
functions. Thus as the ratio hetween the variance and
mean value 1n the resource spectrum or other pertinent
environmental parameter falls from 0.3 w 0.0001, the
closest species packing consistent with stahility falls only
from 2 to | times the utilization function variance. More-
over, our general vesult is a robust nne, being rather in-
sensitive to the details of the mathematical model.

Coliecting these statements, we observe that the species
packing parameter 4 indeed goes to zero when the environ-
mental variance becomes strictly zero, but that for any f-
nite environmental variance, 4 remains roughly equal 1o
the utilization function width, w. This result, which at first
glance seems odd, reflects the technical fact that, when a
large number of species compete on a one-dimensional
resource continuum, the mathematics describing the
stability contains an essential singularity around d =0
(equations {6.18) and (6.22). and Figure 6.2). Thus there
15 here a qualitabve difference between an environmental
variance which 1s small bat finite and one which 1s zero.
Although not possessing exactly the essental singulany
of the many-species limit, the results for 3- or i-species
competition are for most practical purposes indistinguish-
able from 1t (Figures 6.2 and 6.3).

Following Hutchinson’s (1959} initial observauons,
MacArthur (1971b, 1972) has recently reviewed a body of
semiquantitative bield work bearing on species packing and
characier displacement among competing species. This
empirical data, which is discussed more fully below,
marches with the theoretical suggestion that there can be
an effective limit to niche overlap in the real world. and
that this limit is relatively insensitive to the degree of en-
vironmenta! variabilitv (unless it is very large).
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We now go on to define and discuss 2 rather special

model for competilion on a one-dimensional resource con-
tinuum. Various directions in which these results may be

generalized are then indicated. Particular attention is paid
to enlarging the number of relevant niche dimensions, and
to the relation between the shape of the resource spectrum

and the number of species present in the equilibrium com-
munity. It is finally emphasized, inter alia, that the discus-

sion pertains to situations dominated by competition within
one trophic level, which tends to restrict the circumstances

in which theory confronts reality.

A "MICRQOQSCOPIC” MODEL FOR
ONE-DIMENSIONAL COMPETITION

Consider a one-dimensional contmmuum of resources,
such as food size, or vertical habitat, or horizontal habitat.
This may be schematically depicted as in Figure 6.1, where
the curve labeled K(x) shows amount of food as a function
of food size, or amount ot habitat as a function of height,
and in general amount of resource K as a function of
some relevant parameter x. Suppose further that this
resource sustains various species, each of which has a
utilization tuncuon fi(x) as depicted in Figure 6.1, which
characterizes the species’ use of the resource spectrum: the
subscript ¢ labels the species. In particular, we note the
mean positton and the standard dewviation, w, about this
mean tor the various species; i.e. the mean and the vari-
ance of the food size, or of the habitat height, etc. The
separation, 4, between the mean positions of species which
are adjacent on the resource continuum will clearly be a
measure of how densely the species are packed.

In an interesting series of papers, MacArthur (1969,
1970, 1972) has established a criterion which ensures that
the actual community utilization of the resource will Pro-
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vide the best least-squares fit 1o the avajlable resource
spectrum. This requires the populations of the

m species,
N(¢) {labeled sequentially i =1, 9, . |

., m}, 1o obey

I Al = Nt Lk — 2 o N (D], (6.1)

where the &; are integrals with respect to x over the product
of the resource spectrum and the utilization function of the
ith spectes, and the competition coefficients o;; are convolu-
tion integrals between the utilization Functions of the ith
and jth species. With this, we are assured both that the
equilibrium populations (obtained by setting all djdi = 0)
minimize the squared difference between available and
actual “producton,” and also that nonequilibrium initial
populations will move in time toward this minimum con-
hguration.

Equation (6.1) 1s of course the Lotka-Volterra competi-
tion equation, but tied now to the underlying “microscopic”
model illustrated by Figure 6.1, so that we have explicut
recipes tor the & and «;; in terms of direct biological as-
sumptions. Previously the “macroscopic” parameters &,
and «;; were phenomenological constants.

Specifically, we may represent the squared difference be-
tween actual and uvailable production by @,

Q0 = [ K0 =~ T fONOF ds. 62

Here the total @ is the squared difference at each point
along the one-dimensional resource continuum, inte-
grated over the continuum. 1t may readily be seen that the
constant (equilibrium) values of the populations which
minimize this expression, N7, obey the set of algebraic
equations
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k, — Z aNT =0, (6.3)
i
where the quantities &, and ay; are defined exphcitly by
b= [ Kefts) 6.4

oty = f [40i) d. (6.5)

with this definition, ¢ may be neatly rewritten as

Q) = Qo+ T (N — NDayNAD — N§),  (6.6)

where (, 1s the (constant) mmimum value.

We may thus visualize that, just as a loudspeaker (ap-
proximately) synthesizes complicated sounds by super-
posing pure sinusoidal Fourier components each with its
appropriate amplitude, so here the resource spectrum
K(x) is {approximately) synthesized from the addition of
the m “generalized Fourier components” [i(x), with the
populations N; being the “Fourier coefhicients.” The choice
of the equation (6.1) ensures both that the equilibrium
populations give the best least-squares fit (1.e. are the op-
timal “generalized Fourier amplitudes”) and that any other
choice of populations will tend to this equilibrium as op-
timal. That 1s, dQ3/dt = 0, with the equality pertaining only
if all N, = N¥, a fact which is easily verithed by differen-
tiating (6.6} with respect to ¢ and using (6.1).

A more detailed account of the relation between the
quantities k; and a;; in the dynamical equation (6.1), and
their expression in terms of a model of resource utilization,
takes into consideration that utilization is not just percent-
age of time or percentage of diet, but rather has weighting
terms for resource renewal ability. For such a fully detailed
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presentulinn1 see the work of MacArthur (1968, 1970
1971b, 1972, Chs. 2 and 7). However. the above account ﬁ

correct in essenuals, and gives the right recipe for the

elements in the coefhicient matrix, upon which the

. systefm
stability devolves,

Given any particular resource spectrum, K(x), and set of
utilization functions, f{x), we first calculate the quan-
tities 4; and «;; from (6.4) and (6.5), and then subsitute
into equation (6.3} to identify the equilibrium populations.
To be biologically meaningful, all the N¥ must be positive:
any populations with negative N* will be absent from the
equilibrium community. This relation between the shape
of the resource spectrum and the species composition at
equihbrium already provides one rough line of attack

upon the species packing problem, and we shall return to
1t below.

Having found the equilibrium point, the next step is to
see whether it 1s stable to small perturbations to the popu-
lations. Such a stability analvsis, as usuat, hinges on the

eigenvalues of the community matrix 4, whose elements
here are clearly (cf. equation (2.13))

ai; — —*JNTHE. {67}

The system will tend to return to equilibrium, with small
perturbations tending to die away, if and only i all the
eigenvalues of this matrix lie in the left half of the com-
plex plane,

For specificity, we begin by assuming that in the equilib-
rium community all populations are equal. N¥ = N*; for
a large number of species present, m > 1. this means a
flat resource spectrum. Then «; = —N*ay;, and the stabihty
of 1the equilibrium depends siply ou the cigenvalues ot
the competition matrix «, whose cletents are ag;: all these
eigenvalues need to lie in the vight half complex plane.
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Uf this @ matrix Is symmetric. as it often will be, all its
eigenvalues are necessarily real. Writing Ay, for the small-
est cigenvalue of the a matrix, this deterministic stability
criterioll Is
A = O (6.8)
Throughout the above formal presentation, it has been
taken for granted that the environment is untvarying, de-
terministic. In reality there will, 10 a greater or lesser de-
gree, be random fluctuations in the resource spectrum, and
thus in the environmental parameters 4. In the spirit of
Chapter 5, we assume the random naise m the resource
continutum cun be represented by writing

ki = ki + yill). (6.9)

Here k; is a constant, being the mean value (having the
common value & for large m), and the randoin variables
y,{t) are white noise, with mean zero and variance mcasured
by o It is further assumed that there 1s no covariance
herween yi{f) and vy, {¢8). These assumptions are reviewed
below.

Followmg the discusston toward the end of the pre-
ceding chapter, we note that in such a randomly fluctuat-
ing environment the probability of a species becoming ex-
unct will be small (corresponding to the mechanical “sta-
bihty™ of the dererministic case) if the smallest eigenvalue

ol the competiiion matrix « very roughly obeys

-hmin = Uﬂf";- (6.1[})

This result is commonsensical. In a randomly [luctuating
ervironmentt, it is not enougl that all the cigenvalues be
positive, but rather they should be bounded away from
zero by an amount roughly proportional to the environ-
mental noise level,
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We now proceed to see how these stability ideas el

' P no ate Lo
the permissible degree of niche overlap.

THE COMPETITION MATRIX

A reasonable assumption for the detailed shape of the

species’ utilization function is the familiar bell-shaped
gaussian,

Jilx) = C exp [—x*/(2uw)]. (6.11)

Here C 1s a normalization constant, and w, is the width of
the utilizauon function, as llustrated in Figure 6.1. From
equation (6.5), the competition coefficients are im mediately

&5 — (I:l;i’:uﬂ)_m J- CXp [_ ull = ffu};} dx

—x 2wy Qurs

=y exp [—di/2wi + wh) (6.12)

el

Here d;; 1s dehned to be the distance along the resource
spectrum {rom the mean posinon of the /th species to that
of the jth, und ;s the normalizaton constant (2w (wi +
wi))'*; notice that it w, = w;, C;=1,

In particular, if the species’ utilization functions have
a common width w, and are uniformly spaced aluong the
resource continuum a distance d apart, so that J; =
(i — pd, as in Figure 6.1, the competition coethcients are

&) = ot~ (6.13)

with, for notational convenience, the delinition
o = exp [—d*/4uw?]. (6.14)

The quantity « is small if there is litle overlap, dfw > 1,
hut 1ends to unity for substanfial overlap, d/w < L. The
competition matrix « for an m-spectes community with
such competition coefhcients 15
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)
) =

1] o o o . «

(6.15)

B = _ . ) i 1

Determiistic Envivonment

The matrix (6.15) is a posiuve-definite form for all
0N < a< 1, that is for all d (sece equation (6.14)). All its
eigenvalues are necessarily positive. Indeed this 1s a gen-
eral property of any competition matrix whose elements
are generated by (6.5), as is proved by observing that the

general quadratic form

P = 2 YilXj¥j

= f [E ﬁ(.r);-,-] " dx (6.16)

IS necessarily positive.
Thus the criterion (6.8) is always satisfied, with the con-

sequence that stabihity sets no Itmit to the species packing
in a strictly deterministic environment, This 1s the result
noted at the beginning of the chapter. Moreover in general
the more species packed in, the better the least-squares fit
to the deterministic resource spectrum.

Even so, it 1s interesting to see how the smallest eigenvalue
of &, which sets the stability character, varies with niche
overlap, as measured by d/w. For m » 1, we have (see
Appendix [1)

Aen=1—204 2" = 22° + 2% . .. (6.17)
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This series may be summed (May and MacArthur, 1072)

to get an approximation which is very accurate unless
d = u.

Amin = 47" (w/d) exp [—m2uwtfd?), (H.18)

(Th'e corrections to this approximation do not exceed 19
unul diw > 4.1.)

This 1s a remarkable result. For substantial niche over-
lap, i.e. dfw small, Ay, tends to zero faster than any finite
power of dfw: there is an essential singularity at djw = 0,
Thus although A, 1s indeed riecessarily positive even for
small dfw, 1t becomes exceedingly tiny, corresponding to

extremely long damping times. This foreshadows the
stochastic environment results.

In the case of a relatively small number of competing
species, namely m = 2, 3, 4, the smallest eigenvalue of the
competition matrix may be found by struightforward al-
gebraic manipulation of the relevant determinantal equa-
iton (May, 1972¢g).

In general it may be seen that, for very little niche over-
lap, d ® w, a — 0, and all the minimum eigenvalues tend
to unity. Conversely, for appreciable niche overlap, d < u,
we have &« — [ and the minimum eigenvalues become -
creasingly tiny as the number of species increases. In the
limit f < 1w we have (May, 1972g)

Nl = 2 = (df2w)* (6.19)
4 (! |
Aenfm = 3) = 3 (;,1—) (6.20)
12 /o \P 5
: = 4] —* __l
)\_[m"(ﬂt "1') 5 (2“') (6 )

while for m > 1 the dependence is as given by (6.18).
Figure 6.2 illustrates these mintmum eigenvalues as
functions of niche overlap. d/uw. for communities of 2, 3, 4.
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Ficure 6.2. The minimum eigenvalue of ll:le competition matrix
(6.15) (based on gaussian utilizauon funcucrqs} as a fur:u:tmn of
niche overlap, dfw, for a sequence of » species competing on a
one-dimensional resource continuum. Heren =2, 3, 4and n & 1.

and m ® 1 competing species. Notice that for practical pur-
poses, m = 4 1s hard to distinguish from “m = =.”

Stochastic Environment

I the resource spectrum 1s subject to random Huctua-
tions, the overall community is in tension between the
stabilizing dynamical interactions between and within
species (measured by the smallest eigenvalue of the com-
petition matrix, Ap;,), and the destabilizing random en-
vironmental fluctuations (measured by the characteristic
relative variance, a*/k). Long-term existence of the com-
munity then requires that the stability criterion (6.10) be
roughly fulflled.

Combining the qualitative equation (6.10) with the re-
sults for Apin(m) summarized by Figure 6.2, we arrive at an
esttmate of the closest species packing, d/w, consistent with
stability for a given environmental noise level, o2/k. These
results, lustrated in Figure 6.3, are as discussed at the

"t of the chapter.
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Ficure 6.3. The closest niche l"'.l‘-r'fﬂﬂp, d]’u.’, consstent with come-
munity stability in a randomly varying environment, whose fluc-
tuations are characterized by a variance (relative to the mean) of
o*fh. The varance is plotied on a logarithmic scale 10 emphasize
that, over a wide range, it has little inlfuence on 1he species pack-
ing distance for n > 2, This hgure is based on the gaussian utiliza-

tton functions of Figure 6.2,

In particular we see explicitly from equaton (6.18) that

for large m this closest degree of niche overlap s d ~ w.
depending on the environmental Ructuatons only as

In o, which is a very weak dependence. The results for
m = 3, 4, although allowing a slightly closer hmitung pack-
ing distance, display a similar insensitivity to the degree of

random fluctuation, so long as 1t 1s not severe.
GENERALIZANTIONS OF THE MODEL

The question arises, Lo what extent are the above re-
sults peculiar 1o the particular model? We catalogue some

answers.
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Other Ulilization Functions

The previous analysis may be repeated for Hvarim:ﬁ -
rernative utlization functions f(x). ranging from more
“fat-tailed” 1o more sharply cut off than the gaussian
(6.11). This leads to competition matrices different from

(6.15). However, for m = 1 the smallest eigenvalue A,
in general rewins its essentially singular behavior as d/w

becomes snuill (May, 1972g), thus preserving the basic

character of the earlier results.
Indeed it can be shown that any well-behaved continuous

utilization function f{x) leads mn the many-species limit,
m # 1, to a compelition matrix whose mimintum eigenvalue

has an essential singularity as dfw — 0:
i e ohmin) = (2cw/d) exp [27€aw/d]. (6.22)

Here £, and ¢ are pure numbers, of order unity. (In detail,
if the analytic function f(z) in the complex plane has its
pole with smallest imaginary magnitude at z, = w({, +
i&,), thus defining the number &,, then ¢ 1s the remarkable
number |27 Residue f(z,)|%. This and associated other re-
sults are set out fully in May (1972g); the mathematics is
unlikely to be of wider interest outside this specihic context,
and we do not develop 1t here.)

The elegant general result (6.22), 1 conjunciion with
the crude criterion (6.10) for stability in a fluctuating en-
vironment, unplies an effective himit to niche overlap and
species packing at around d ~ w, with only a weak (loga-
rithmic) dependence on the environmental noise levei o2
Our earlier results are thus not pathological artifacts of
the gaussian utilization functions.

Nonlinear Stability Analysis
Fhe above stability analysis was presented, particularly
in the deterministic case, as a linearized neighborhood an-
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alysis. But, as pointed out in Chapter 3 (P. 55), the quantity
(2(1) of equation (6.2) or (6.6) is in fact a Lyapunov func-

tion for the system: Q = 0 and dQjdt < 0 throughout the

domain of positive populations, with the equalities pertain-

ing to the equilibrium configurations. Consequently the

full nonhnear stability character is legitimately described
by the neighborhood analysis.

Spacing and Widths of Utilization Functions

The earlier work assumed that the utilization functions
share a common shape, with common width, and thar they
are uniformly spaced along the resource continuum
measured by x, the food size or habitat height or whatever.
However, as 1s made particularly clear in the derivation of
the general theorem (6.22), all we really need is that the
niche overlap ratio, dfw, be uniform.

Indeed, as emphasized by MacArthur (1971b, 1972, p.
65), if the resource spectrum in question is food size, as
measured by food weight or length, there are general
reasons why one would expect a uniform sequence on a
logarithmic scale of food size. This is borne out by the work
reviewed by MacArthur (Storer, 1966; Hespenheide, 1971)
and that of Schoener and Gorman {1968). In other words.
we expect and hnd that species competing on a one-dimen-
sional food resource continuum tend to sort out in a se-
quence such that successive weights are a constant muluiple
(as first observed by Hutchinson, 1959}, rather than a con-
stant difference: a geometric sequence rather than an anth-
metic one,

In short, it the width w changes in some systematic way
along the resource continnum, our results are preserved
so long as the separation ¢ changes in the same proportion,
keeping dfw roughly constant. Thus the theory is direcdy
applicable to the crcumstances of the preceding para-
graph.
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In passing, we remark that it would be nice to explore
maodels in which the niche spacings d attd widths @ them-
selves included an element of stochasucity. This would
ntroduce some of the features met 1 the “randomly con-
nected food wehs” of Chapter 3, with (to a degree} random
spacing of atilization functions of random widths. I con-
jecture that the essentials of the above models would re-

main, but this 1s an interesting open question.,

The Model for the Population Dynanues

As discussed earlicr, the parameters 4 and «;; tn the
“macroscopic” population equations (6.1) can be linked to
a “microscopic” model involving the shape of the resource
spectrum and of the vartous species’ unlizauon functions,
by MacArthur's (1969, 1970, 1972) idea that the equilib-
rinm communnity is the one which optimizes the least-
squares fit hetween actual production and that available.

Quite apart from the teleology implicit 1n assuming that
communities minimize anything. a choice of fit other than
least-squares will lead to equations superficially different
from (6.1). However, their competition matrix character-
1izing small displacements from equilibrium will end up
suntilar to those above. As mentioned in Chapter 3 (p.
54}, and emphasized by many people, equation (6.1)
represents the frst term in a Taylor expansion of a much
wider class of equations, and thus should be useful in dis-
cussing the stability in the neighborhood of equilibrium
configurations,

It may be added that, although symmetry of the compe-
(IUON MAatrix (o, = o) is necessary for some of MacArithur’'s
results, and although our assumption of a common shape
tor all uulization functions implies such symmetry via equa-
tion (6.5), the main result, namely the essential singularity
i the smallest eigenvalue of the compeution matrix, does
10t require such symmetry. For example, suppose the
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convolution integral (6.5) for the @i were different g
up the spectum (<)) from going doswn i > . o
Rgughgurden (1972) argues 1t often is in reality (S;e’hi
Figure 3). The ensuing competition m; 3

1TICes are usually
amenable to the same methods which led 1 the genery

result (6.22), and imply a similar essentiy] singularity (May
1972g). |

The Environmental Sim'a"m.-.t.i{:.é!y

The qualitative criterion (5.34), whence (6.10), for a
community in a randomly ﬂuctua[ing environment tg
persist, rather than 1o suffer extnction, assumed the
stochasticity in the &; parameters to be white noise, that i
not correlated between successive time intervals. I also
assumed the fluctuations in £; to be uncorrelated with those
in 4 ;.

Insofar as there are correlations, either in time for any
one k; or along the resource continuum bewween £, and kj
they act such as effectively to diminish the environmental
variance o>.

Were our broad general conclusions sensitively depend-
ent on the value ot ¢®, this would be worrying. because
such correlattons clearly are present to a certain extent in
real situations. But as our results are in fact quite insensi-
tve to o, unless it be severe, the idealization of assuming
no correlations i the noise spectra should give an adequate
charactenzaton of reality.

SHAPE OF THE RESOURCE SPECTRUM

Previous theoretcal studies of “limiting simiarity,” or
limiting degree of niche overlap, have focused on the rela-
tion between the shape of the resource spectrum and the
number of non-zero populations with given uuthization
functions which can be fitted onto it (MacArthur and
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Levins, 1967: Levins, 1068 Rescigno, TG, Vandermeer,
1970, 1972 Roughgarden, 173 and PRVAE COMMNNIC.
tion: for a lucid sumnuony see MacArthar, 1972, Appendices
tr Chs. 2 and 8). This work constitutes i deterministic analy-
sts of the possible coprifthrinem conliguratians, As noted
above. such a deterministic cquilibriem is necessarily stable
within the present general lianework, T however, thits de-
terministic analysis requites the shape of the resouree
spectrun to lie within very narrow Limis in order for all
compenng spectes 10 he present m the cqudibrinam con-
munity, it may bc plausibly argued that environmental
vagaries in the real world will upsct such an cquilibriam,

Such verbal argoments, which hine bheen cogently pre-
seirted by Alidler (1067 and others as well as the above
mentioned  authors, clearly have validity. "Their short-
coming is that they are ancapable of saying anything
precise abont the refavon between lnminng miche overlap
and degree of environmental varuibihity.

The relation between the resource spectyinm shape and
the cquilibriuvm commmunity 18 now pursued m further
detul, partly for s own sake, and piortdy hecanse it s rele-
vant to the refaxanon of our carlier convenient assuimpition
that afl equifibrium populations were equal,

The w equilitbrium populations for the dynamical equa-
ions (6,1) are given by the sct of w linear cquadions (6.9),

which may be rewriuen
N « 'k, (6.23)

Here N*¥ 15 the w1 colunmm mutrix of the couilibrium
popttlations, and k the column manix of the parrnelers
ki which summarize the shape of the resource specirum.
For specifiaty, we use the biologically sensible ganssian
o alient functions, so that the cotnpretition i eiX o is the
memitnix (6.15). As MacArthur (1972, p. 42) has re-
thas form for the competton cocthoents shonld
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he a good approxinition even if REnerating wiilizng
I | o
Funic HONS qre 1ol @aussem,

Consider foest a two-species system. T'hey (6 23) wives

NT = Uk~ ah))(] - g2 {6.24.)

NE by - ade)i(1 — oy, (6.94b,)

For the coexastence ol the rwo Speies iy cqtalibiinm, we

require Nt > (Vand N¥ =0, leacdling 1o the CONStraInt

My
the resource spectram shape (remember (hyt m_-tmﬁ;lr“:,
o ]):

|k
a kO (6.25)

Fquation {(6.14) expresses ocin terms of the niche overl
parameter, diw. Fipure 6.4 ilastrites the range of resonrce
spectrinn shapes, chavacterized by the vaue kik, which
adlmit ol a two-species equilibrium, as o fundion of the
degree ol mche overlap. 'The dashed line shows the specific
shape windh leads o the two equidibrium populations heing
cqual, namely wthas case obviously &, = &,

lFora three-spedies sysiewm, with shape paramneters ,, &,,
ard ey, 1t wounld be nice to display as lunctions of dhw the
two-dimensional surfaces of k/k aud kjk, values which
bound the domams wherein all three species coexist in the

AP

deterministic equilibrinm community. Since this page is
two-dnmensional, it is easier to show a slice through the
dotinm, andd this we do by puatting &y = k; (corresponding
to o symitncnrcal resource spectrum). Then

NY = N¥ == (k) — ahy){] — & (b.26a)
NE = (1 4+ «'] — 20k )/ (1 — a™. (5.26b)

leading ro the criterion {or a three-species equilibrium

|
ita > ft-l > . (6.27)
2ry k.
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Cﬁ ; 1 ' 2! | 3

d/w

FicuRrE 6.4. The resource spectrum shapes (chiructerized by & /k,)
which sliow a 2-species equilibrium configuration, as a function of
degree of niche overlap, dfw. The permissible range of shape
paramelers lies between the 1wo salid curves. The duls:hr:d fine in-
dicates the shape which equalizes the two equilibrium popula-
tions. See text tor further deails.

This is illustrated in Figure 6.5, which for this three-species
example js the analogue of Figure 6.4 for the two-species
system. Again the dashed line depicts the particular shape
which gives all the equilibrium populations equal, as as-
sumed throughout the earlier sections.

Similar explicit pictures can be drawn for other slices
through the 4,:4,:k; parameter space for a three-species
assembly; through the k,:4;:85:4, parameter space for
tour species; and through the k1 k,: &y k4 k5 region for five
species. The general features and trend evidenced by
Figures 6.4 and 6.5 continue to be manilfested by such
higures. By way of one among many possible further illus-
tranions, we show the range of shape parameters which
. aut an equilibrium ﬁx—*e-species community, as a func-
1 ot degree of niche overlap. Here the particular slice

2h the parameter hypervolume is the symmetrically
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| ! ~
2
d/w 3

Ficurg 6.5. The range of resource spectrum shapes which permits
a 3-species equilibrium community, as a tunction of niche averlap,
dfw. Here we assume u symmetric spectrum, &, = £, s that a
one-parameter shape characterization (&/k,) is possible, Again the
dashed line indicates the condition where all 3 equilibrium pop-
ulations are equal.

undulatory shape with & = ky=k; and k, = &,, so that 2
one-dimensional characterization in terms of kifks 18 feasi-
ble. 'The relevant criterion illustrated by Figure 6.6 is

(14 o'y - Ry S 201 + "}l + a* + ™)
a2 +ao'+a® kT (14 oMl + 2 +at+ad + o™

(£.28)

The hatched region in Figure 6.6 is that where an equilib-
rium five-species community exists (there being none for
large overlap, d/w < (.78, for this particular shape), and
the slightly larger region, extending down to d/w = 0.1
that where an equilibrium four-species assembly, purged
of the central population Nj, can exist.

The overall features of Figures 6.4,6.5, and 6.0 are clear.
So long as neighboring utilizanon fIIﬂL‘[iGH‘S.Iﬂt.E‘HIIS' are
separated by a distance greater than their mtrinsic width,
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Ficrre 6.6, One of many possible extensions ol Frgures 6.4 and
6.5 to communities with more than 3 species. The cross-hatched
region (which begins at dfw = 0.78) indicates the range of sym-
metrically wavy resource spectrum shapes th) = ky = hy; k. = 1))
which permit a 5-species equilibrium community, We display the
range of shape parameters, k,/4,, as a funcuon of niche averlap,
diw. The wider range of k/k,;, bounded by the upper and lower
solid lines and extending to dfw = 0. allows an equilibrium 4-
species community (with Ny missing) for this particular shape. See

text for deturls.

multispecies equilibria are possible for a wide range of
resource conunuum shapes. This region of wide tolerance
coincides with the region where it was previously shown in
detall that equilibrta are stable with respect 10 random
fluctuations in the resource spectrum, unless such Auctua-
tions are severe (Figure 6.3). Conversely, in the region of
large niche overlap (d smalley than »), where it has pre-
viously been seen that equilibrium communities are un-
stable to even a very small amount of environmental Auctu-
- -n, we notice that a narrowly specific range of resource
" shapes is required to allow the initial equilibrium

1> be possible. As Figures 6.4, 6.5, and 6.6 bear out, this
trend is manifested with increasing sharpness as the num-
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ber of competing species in the COMmunity increyses
genﬁrﬂl features are, however, already wel} f:stahli;;h.e‘r
m= 3.

[t is of course natural thai the earhier discussion f
stochastic stability and the present section op existence ?f
deterministic equilibria are so connecied, as both ultji
mately devolve on the structure of the Competition matri:-c-

Although our earher stability analysis assume that il;
equilibrium all populations were equal, the considerations
of this section suggest that our results are not strongly de-
pendent on this teature, so long as all Species are present in
sigl‘liﬁﬂﬂ“t numbers in the equilibrium community.

The qualitative conclusion emerging from these resuls,
both for the equilibrium configuration and for its stability
in a randomly Huctuating environment, is that COMmuni-
ties in which many species compete on a one-dimensional
resource continuum are robust for d > w, tragile for
d < w.

The
| for

COMPETITION IN MORE-THAN-ONE DIMENSION

The preceding discussion has been wholly for compeu-
tion in one resource dimension.

Cody (1968) has classified the partitioning in the three
resource dimensions of horizontal habitat, vertical habitat,
and food for ten grassland bird communities around the
world. Although his purpose was mainly to study some of
Hutchinson’s (1957) ideas about niche hypervolume, we
may pervert Cody's results to our present purpose by
observing they show eight of the commumities to be or-
ganized largely in one dimension (food selection). Thus
there are circumstances where our one-dimensional mode
i1s at least a good first approximation.

Once there are two or more niche dimensions, the uul
zation functions depend on two or more independent var
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ables. 1. v, . . . . which label the various resource continua:
flx. v. .'.). The consequent competition coefhcients will
‘]}tj' calculated, as multidimensional ntegrals, from the ap-
proprie generalization of (6.5).

Two limiting cases may be distinguished. These "bracket”

the general Case.

Orthogonal Dimensions

One limiting case arises when the pertinent resource
dimensions are completely independent, which alter-
natively may be expressed by saying the niche dimensions
are orthogonal. This means the uulization functions may
be factored ino their separale resource components,

fxy . ) =LHEL0) ... (6.29)

The consequent integrals for the competition coefficients
are separable, and the competition coefficients also factor:

a; = (a))i{az); . . . (6.30)

Here {(a;); describes the competition between species i

and j in the 4th resource dimension.
In this rather extreme circumstance, the various dimen-

stans may be treated separately, one by one, with the pre-
vicus analysis being applicable to each dimension individ-
ually. The point is developed somewhat more fully by May
(1972g). T'he earlier results thus remain intact in their
essentials.

Sunplex

T'he opposite extreme limit arises when every species in-
woucts with every other species in a manner which is com-
symmetrical among the n niche dimensions.
Lo envisage this more explicity, begin with two species
ng on a one-dimensional resource continuum. The
n matrix jis

i
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l o

* (6.31)

a |

where  measures the interaction as before (e

uati -
Now add a second quation (6.3)).

| 1:&5(11111:&: dimension, and a third species.
Symmetric competition in this two-dimensional resource
space may be conceptualized by thinking of the three
utilization functions as three overlapping circles, with their
centers at the points of some equilateral triangle: each cir-
cle overlaps the other two in a symmetrical tashion, and
the degree of overlap measures the magnitude of the two-

dimensional competition coeflicient «. The competition
matrix is now

l o w
a=la 1 a (6.32)
a a |

For three resource dimensions and four species, we im-
agine, as 1L were, four fuzzy interpenetrating cannon-
balls, whose centers form a regular tetrahedron. Again the
symmetrical overlap measures the competnon coethcient
«, and the 4 X 4 competition matrix again has “1” down the
diagonal, and “«” everywhere else.

Images fail us when we move on to more than three re-
source dimensions, but the mathematics is straightforward
as we ascend the hierarchy of a-dimensional “simplexes”
which follow on from the equilateral triangle and the regu-
lar tetrahedron. For n + 1 species competing in this tashion
in an n-dimensional resource space, the (n + 1) X (n + 1)
competition matrix a is the obvious extension of equations
(6.31) and (6.32), with again “17 down the diagonal and
“o” elsewhere. This matrix has an #-fold degenerate smalk-
est eigenvalue, namely

Amin = 1 — e, {6.33)
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In the limit of substantal niche overlap, this minimum
eigenvalue will scale approximately as d*fw* (fullowing

equation (6.14)), where we identify 4 and w as providing
some measures of the niche separation and intrinsic niche
width, respectively, in this symmetrical n-dimensional cir.
cumstance: 4 is the distance between cannon-ball centers,
v the cannon-ball radius. The rough stability criterion

(6.10) then leads to the qualiative requirement that

d > wlok)e, (6.34)

This is the condition for stability in such a multidimen-
sional situation, with the competition distributed m a com-
pletely interdependent and symmetrical way, In distinc-
tion from the earlier one-dimensional multispecies results,
this gives a limit to niche overlap which 1s directly propor-
tional to the environmental variance (as for the pure two-

species case in one dimension),

General Case

In nature, the many resource dimensions that define
real niches are unlikely to conform either to the limit of
perfect orthogonality or to the opposite limit of perfect
imerdependence (for further discussion, see the splendid
paper by Whittaker, 1969). Even so, the above considera-
uouas serve o “bracket” reality, suggesting a limit to
species packing and niche overlap. On the one hand, this
hmit approaches rough independence of the degree of
environmental fluctuation (d/w ~ 1) as the resource di-
menstons become independent, and, on the other hand,
approaches rough proportionality to the environmental
vartance (d/w ~ o} as the competition is intricately mixed
among the resource dimensions.

1’ 1sston has unavoidably been rather imprecise.

- to mndicate that the resulis for the idealized

164



NICHE OVERLAp

one-dimensional niche can have relevance

. . I . Lo [hﬁ r{:'dl
world, with 115 multidimensional niches.

COMPARISON WITH REAL ECOSYSTEMS

Before attempting a confrontation betw
world and the above theory, we must ke
serious reservations.

€en the natura|
€p 1n mind two

First, as Just noted, if there is only one relevang resource
dimension, or several orthogonal ones, the predictions of
the theory are chlear-cut, namely a limit at dfw ~ 1§ roughly
independent of the environmental noise level, This facili-
tates comparison with field data, Conversely, if the multi-
dimensional niche approximates the interdependent sim-
plex, it is difficult to assign meaning to d and w, and more-
over the limit to niche overlap is a strong function of en-
vironmental varnance. Comparison with experiment is not
to he looked for here,

Second, the theory is restricted to communities whose
constituent species’ niches are sorted out by competition
within a single trophic level. While such an assumption
may be relevant for species near the top of the trophic
tree, there will be many cases where this single level com-
petition is embedded iy the midst of a complex trophic
structure. Although intrinsic stability with respect to com-
petition within one trophic level often tends to be asso-
ciated with overall web stahitity, no simple generalization is
possible: this question was ciscussed more fullv in Chapter
3 (pp. H8~62). In short, interspecihic competition can often
be the major factor determining niche overlap, but there
are many circumstances where other factors, such as pre-
dation, are of dominant importance. This point has been
stressed by Connell (private communication), and. as one
among many examples, Janzen (1970) has suggested explicit
mechanisms whereby tropical plant diversity s enhanced
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by herbivorous predation, particularly seed predation,
Indeed, an interesting future extension of the present
theoretical model will be to add a higher trophic level of
predation, and to explore the nossible consequences.

These two considerations restrict the circumstances
where we can look to compare the theory directly with the
real world. As previously remarked, some communites
may be singled out as approximately one-dimensional.
Many bird communities may be meaningfully thought of
as competing in the three roughly orthogonal dimeunsions
of vertical habitat, horizontal habitat, and food size. The
same may tend to be true of other higher vertebrate com-
munides, for example the Caribhean lizards so thoroughly
studied by Schoener (1973). Moreover, for such communi-
ties near the top of the trophic ladder, compenuon is
liable to be the predominating influence in species packing.
It is among such communities that we look to test the
theory, On the other hand many insect communities, and
many plant communities, have complex muludimensional
niche structure involving, inter alia, a variety of chemical
dimensions. In addition, predation and other interactions
beyond simple competition are pervasive in these inverte-
brate and plant commumues. Such situations are best
avoided for the time being.

(These remarks prompt the observation that people
whose field work involves creatures such as birds—
where censuses can show remarkable uniformity from
year to year—are apt to look more kindly on simplistic
theoretical forays of the sort in this chapter than are
people whose held work involves, say, rose thrips. In turn-
Ing to the underlying questions, one should try to dissoci-
ate oneself from the prejudices induced by either extreme
experience in the field.)

One of the first observations suggesting the existence of
a theory such as presented here was Hutchinson’s (1959)
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remark that in a variety of CIrcumslances,
vertebrate and 1_nverle!)r;1te torms, character displacement
among sympatrc species leads to sequences in which each
species is roughly twice as massive as the next;de. linear di-
mensions as measured by bills or mandibles in the ratio 1.2
to 1.4. Interpreted in the light of Hespenheide's (1971,
work, as mentioned below, this comes to diiw ~ 1. The
present state of the evidence is comprehensively reviewed
by MacArthur (1972), who concludes 1hat these quantita-
tive data point to there being a limiting vatue to niche gver.
Jap in the natural world, corresponding to dfwin the range
1 to 2.

Also pertinent 1s Simpson’s (1964) review of the factors
making for latutudinal and alutudinal species diversity
gradients among North American mammals, which con-
cludes that degree of niche overlap is not an important
contributing factor, That is, it concludes that the degree

of niche overlap 1s not sigimficanily dependent on the mag-
nitude ot the environmental variability,

in(r]uding beth

The work which seems to come closest to our one-dimen-
sional model 1s that of Terborgh, Diamand, and Beaver on
various guilds of birds in an assortment of habitats which
have varying degrees of environmental stabilitv. Even so,
such comparisons with the theory are necessarily approxi-
mate, partly because our compenuon coefhicients come ul-
timately from uutlizauon funcuons which are not just
percentage of time or of diet, but rather have weighting
terms for resource renewal (MacArthur, 1670, 197 b,
1972): all available information from nature contains un-
weighted utilizations,

Terborgh (1972) has shown that four species of tropical
antbird, segregating by foraging height, have mean heyghts
separated by one standard deviation, that 1s diw = 1; see
Figure 6.7. MacArthur's (197 1b) analysis ot Storer's (1960)
data on the food weight distribution for three congeneric
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Ficure 6.7, Foraging height relations within a set of congeneric
antbirds {Formicariidae} of the genus Myrnotherula. The congeners
seemn o separate on this single miche dimension. The thick bars
denote one standard deviauon {w), and narrow bars the entire
range of observalions; above the bays are given the number of

obnervattons ot cach spectes. (Provided by J. Terborgh, m Mac-
Arthur, 1972, p. 43.)

species of hawks also leads to d/w = 1. Diamond’s (1972)
extensive data on weights of tropical bird congeners which
sort out largely (but not wholly, so that d/w should be
smaller than our onc-dimensional theory predicts) by size
differences leads to weight ratios around 1.6 to 2.3. Using
Hespenheide's analysis (1971) of the relation between

~~rht ratio and a (see also MacArthur, 1972, Ch. 3),
Diamond’s results become a = 0.8 to 0.9, 1e. djw = 0.6
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to 1.0. In the Sierra Nevada, Beaver (1972)
that species packing in a brushiand hird
appears equal to that in a forest fohiage
although the microenvironmeny is thoug
cantly more unvarying in the forest. A pai
mentioned as interesling by Hutchinson (1957) because of
their simtlar size {mean length, 55 em versus 31 cm) and
apparently similar ecology, turn out o take dijet iterns dif-

fering by a size factor of roughly two (mean of 8 4 items in
the stomach of one versus 20.8 items in

stomach of the other: Dumas 1956)

has shown
community
glf:aning guild,
ht to be signif-
pair of salamanders,

the slightly smaller

_ - agan corrvesponding
to d/w — 1. Nor 1s one confined to living beasts. The largest

soaring bird of prey yet known to have lived is the North
American  Teratornis incredibilis, with 2 wingspread of
around 16 feet; its congener, T. merriami, which likewise
went extinct a few thousand years ago, had a 12-foor wing-
span, agamn conforming to Hutchinson's weight ratio of
around 2, and a deduced d/w ~ 1.

More atypical, since they come trom the realm of in-
sects and plants rather than birds and other higher verte-
brates, are Heatwole’s and Davis's (1965) work on three
sympatric wasp species, whose ecology seems identical ex-
cept for their ovipositor lengths, where on this one re-
source dimension we find d/we ~ 1, and Whittaker's (1969)
sequence of oak species in the Santa Catalina Mountains
of Arizona. Whittaker’s results are shown n Figure 6.8
(which 1s reminiscent of the schematic Figure 6.1). where
we see that the two black oaks of the same subgenus have
d/w slightly in excess of unity, as do the three white oaks
of the same subgenus, while the constellation of all five
congeneric vaks together have d/w just less than unity, as
does the total system with four other broadleal tree species
added at the ends of the resource (altitude) spectrum. Stmi-
lar results have becn shown by Curtis (1954, p. 94} tor
Wisconsin oaks.
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Ficure 6.8 Distribution of oaks and other broadleaf trees H]ung
the ahtiivde gradient in the Sanui Cawalina Mounununs, Arnzona.
Species shown with salid lines (3, 5} are evergreen oa ks‘nfthe black
oak subgenus Entivabalanus. those with daot-and-dash lines (2, 4, 6)
are evergreen oaks of the white ouk subgenus Lepidebafanus, and
those with broken lines (1, 7, 8. 9) are other broadleal tree species.

(Afler Whittaker, 1969.)

In the foregoing, no distinction has been made between
habitat dimensions (such as altitude in Figure 6.8) and
other niche dimensions. Thus Grant’s {1966) observation
of three congeneric pairs of birds, one pair with large bill-
length difference but little habitat differentiation, one pair
with small bhill-length difference and strong habitat dif-
ferentiation, and the third pairr with an ntermediate
amount of bill-length difference and habitat overlap, are
for our purposes three essentially equivalent examples of
the rule that dfw ~ 1. This is not to deny that a more de-
tailed discussion may care to distinguish various kinds of
niche dimensions (e.g. Whittaker, 1969).

[n brief, the basic conclusion which emerges in a non-
obvious but robust way from the mathematical model,
namely that there 1s a limit to niche overlap in the natural
world and that this limit is not significantly dependent on
the degree of environmental fluctuation (unless it be
severe, as in the arctic), seems to provide a conceptual
framework within which a large amount ot empirical data

may be unified.
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SUMMARY

The evidence tor, and conjectures about, the limits t
species packing have been graphically put by Whi[gk;
(1969). Likening the competing species to dancers, and the
total niche hypervolume to their n-dimensional dance
floor, he observes: “As additional dancers enter the
floor, manoeuvres make space for them, with reduction
of the dance areas of the remaining couples. There may
come a time, however, when a part of the floor becomes so
crowded that the rate at which new dancers enter is

equaled by the rate of departure of couples discouraged or
crowded ofl the Hoor.”

As a step toward adding mathematical substance to this
graceful image, we study the relation between niche over-
lap and environmental variability for a class of simple
model biological communities in which several species com.-
pete on a one-dimensional continuum of resources, e.g.
food size. In a strictly unvarying (deterministic) environ-
ment, there is tn general no limit to the degree of overlap.
no himit to the number of dancers. However, in a Auctu-
ating (stochastic) environment, it is found that the average
food sizes for species adjacent on the resource specirum
must differ by an amount roughly equal to the standard
deviation in the food size taken bv either individual
species. This limit to species packing has a very weak (log-
arithmic) dependence on the degree of environmental
variance,

This mathematical result 1s very robust, as is shown by
considering, inter alia, a wide range of resource spectrum
shapes, and a variety of shapces for the functions describing
how the species utilize the resource. The general conclu-
sions seem in harmony with such relevant field data as are
available.



CHAPTER SEVEN

Speculations

In this self-indulgent final chapter, I return to the broad
general theme of diversity, complexity and stability in

natural ecosystems.
In the very special biological communites of Chapter 6,

with only one trophic level, 1t is clear that greater com-
plexity in the form of more species, more closely packed,
makes for less stability. On the other hand, closer species
packing (more “Fourier components”) tends to give a
better fit to the resource spectrum, and a more efficient
and total use of the available environmental resources,
Thus. if it were not for community stability considerations,

evolution would tend to drive toward greater and greater
niche overlap. In a perfectly stable deterministic environ-

ment, arbitrarily close packing and rich speciation i1s pos-
sible, and in the real world to a certain limited extent the
greater the environmental steadiness, the closer the pack-
ing, and the richer the consequent assembly of species.
Insofar as Chapter 6 adds a piece to the complexity-stabil-
ity puzzle, it is that complexity is a fragile thing, permitted
m this instance by environmental steadiness. This is quite
the opposite of the conventional “complexity begets
stability” wisdom,

Real biological communities usually comprise not one
but many trophic levels, often of labyrinthine complication.

The array of model ecosystems in Chapter 3 indicates
that, as a mathematical generality, increased complexity
makes for diminished community stability. Even in the
natural world —which is no general system —it is not true
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that population stability is wrnformiy -
complexity and faunal and Horal diversj
arguments for the cnmplexity~st;thi]ity thes;
up well to close examination: mathemaric
laboratory experiments wich simple systemns
unsmbl_e, but the analogous muluspecies systems are char-
acteristically even les‘s stable: the collapse of island eco.
systems measures their vilnerability 1o noyvel
rather than their natural stability: whj
of stable rain f:{)rest YETsus unstable agrarian Monoculture,
or orchards, Is a comparison of natural versus artificial
systems, not just of complex versus simple nnes. TheUs§
east coast marsh grass Sparting allerniffora or the UK.
estuarine S. toumsendii are siable matural monocultyres
whose large expanses can well be mistaken by the unpu-
tored for man’s handiwork. Tischler (1955, 1972) has em.
phasized other examples, particularl}* n littoral svstems. of
productive environments where the stable naturga] svstem
Is esscntially a monoculture, What sets man-made mono-
cultures apart is not so much their simplicity as their “un-
naturalness,” the community’s lack of any significant
evolutionary pedigree,

Natural ecosystems, whether structurally complex or
simple, are the product of a long history of coevolution of
their constituent plants and animals. It is at least plausible
that such intricate evolutionary processes have. in effect,
sought out those relatively tiny and mathematically atvpical
regions of parameter space which endow the system with
long-term stability.

This suggestion, based in part on the properties of
general mathematical models. is mteresting. It implies
that complex and stable natural svstems are likelv to be
tragile, tending to crumple and simplhifv when contronted
with disturbances bevond their normal experience (that
15, tending to instability when carried out of their small
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and par{icular stable region of parameter hyperspace).
This seems consonant with the facts. Curts {1956) docu-
meitts the observation that in plant communities the firs

to go, under the impact of man, are the “upper middle
class” plants, which “make up the most adx*uncecl com-
munities of a given region from thE: standpmnﬁ c:f degree
of integration, stability, mmp]exrﬁty, and efhciency of
energy utilization” (p. 734). The view has been put that
tropical rain forests come under the heading of Nonrenew-
.ble Resources, unable to regenerate atter large-scale dis-

wurbance (Gomez-Pompa, Vasquez-Yanes, and Guevara,

1972, and references therein).
In short, there is no comfortable theorem assuring that

increasing diversity and complexity beget enhanced com-
munity stability; rather, as a mathematical generality, the
opposite is true. The task, therefore, is to elucidate the
devious strategies which make for stability m enduring
natural systems. There will be no one simple answer to
these gquestions. Some of the current ideas reviewed in
Chapters 3 and 4 may be among the first steps along the
road to understanding. Although these models are ad-
mittedly grossly oversimplihied, it may be remembered that
the crudities of Bohr’s hydrogen atom were a usefu] start
toward understanding the complications of molecular
spectra.

Unul such time as we better understand the principles
which govern natural associations of plants and animals,
we would do well to preserve large chunks of pristine
ecosystems. They are unique laboratories. Quite apart
from valid ethical and aesthetic considerations, there are
pragmatic reasons why we should query the increasingly
universal replacement of natural ecosystems, with their
long evolutionary history, by agroecosystemns, which are
usually intrinsically unswble,
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THE LATITUDINAL DIVERSITY GRADIENT

Some facets of the above issues are ref ected
recognized decrease in species diversit
tropics to the poles.

Most of the 1deas advanced to account for this latitueling]
diversity gradient (Darlington, 1957, 1963; Miller 196:‘:.
Klopfer, 1962; Pianka, 1966; MacArthur, 1472, T(Lh g;
may be subsumed under three general headings* i‘he
three factors which, in principle,

| determine the number of
species present In a given environment are:

in the widely
Y gﬂiﬂg from the

(i) The total (multidimensional) niche volume, ¥
avallable i the particular environment: ,

(ii) The effective niche volume, v, for
vidual species;

(ii1) Historical aspects, relating to how much time there
has been tor evolution and adaptation in the given
environment,

a typical indi-

Succinctly, the potenual number of species is the 1otal
niche volume divided by the effective niche volume per

species, V/v, and this potential will be realized if enough
time 1s available:

Potential number of species ~ Fju. (7.1)

We now briefly discuss these three tactors. A similar
formal tramework i1s developed by MacArthur (1972
Ch. 7).

(i} The total niche hypervolume, I, is greater in the
tropics, which tend to be more productive and less sea-
sonal, They are also more f{loristically complex. both in
stratification and diversity, which makes for more and
wider resource dimensions for the fauna (this remark. ot
course, hegs the question as to plant diversity). Moreover
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the above linear factorization is oversimplihed i that in-
creasingly rich speciation and specialization can them.
selves rrr‘:ate new resource dimensions, thus expanding the

total niche volume, Overall, therce are strong arguments for

. . e
a latitudinal gradltm in 17, |
(i1) The eflecuve niche volume per species, v, depends

basically on the niche-to-niche spacing d (ct. Chapter 6 and
Figure 6.1). This may be usefully reexpressed as the
product of the intrinsic niche width, w, and the degree of

niche overlap, dfw,

o = (w)(d w). (7.2)

The intwrinsic niche width, w, will be smaller for specialist
species than for generalists. As discussed in detail by
MacArthur and Pianka (1966), Schoener (1969), and
Roughgarden (1972), the “economics of consumer choice”
(MacArthur, 1972, Ch. 3) suggest that a productive, and
above all a steady or predictable, environment will favor
greater specialization. 'his clearly 15 the case mn nature,
and makes for greater specializauon 1n the tropics. The
tendency is reinforced by the fact that relatively benign
and productive environments may support a larger hio-
mass, and consequently a larger gene pool, which assists
the underlying genetic mechanisms whereby specialization
evolves (Darlington, 1957, Ch. 9; Connell and Orians,
1964).

The other relevant quantty m equation (7.2), the niche
overlap d/w, was seen in Chapter 6 to attain an effective
limiting value of roughly unity: dfw ~ 1 (c[. Figure 6.3).
This limit is usually only weakly dependent on the degree
ol environmental fluctuation, unless it be very severe,
whereupon the limit to dfw is significantly in excess of
unity.

Thus Chapter 6 constitutes an important piece of the
latitudinal diversity gradient picture. It suggests that
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piche-to-niche SPH{IiI]g d, and thence PET Species niche
volume i, ESSElilla!ly depends only on the ntrinsic nich
width (cf. equation (7.2)). The above arguments g5 ;
large versus small w then Pomt to v being smaller i, the
trOpICS. _II]SUFM as flfg’_'eei ‘_‘-'r miche « werlap ecan depend on
(he environmental variability, the effect gives smaller d/y
and thence yet smaller v, in the tropics ‘

(3it) The preceding discussion pertains io the equibbrinm
species’ density, ¥/v, attained afier the system has shaken
itself down into some broadly enduring configuration. This
assumes the environment in question has remained
roughly unchanged over times significant on an evolu-
tionary scale. When this is not so, the vagaries of biogeo-
praphic history can lie between the potenuality and the
actuality. Darhngton (1957, 1965) has made this point.
As a matter of history. there has been more time for
speciation m the tropics than in most other places, which
could contribute to the latitudinal diversity gradient. The
role played by time in the evolution of intricately diverse
systems is underlined by the comparatively rich speclation
in the “old™ lakes, Malawi and Baikal, at either end of the
Great Rift, or by Southwood’s (1961) evidence (culled from
several countries but wmuinly from Britain) that “the
number of insect species associated with a tree is a reftec-
tion of the cumulative abundance of that tree in the partic-
ular country throughout recent geological history, i.e. the
Quaternary period,” which means that historically domi-
nant native trees will have most insect species, and recently
introduced ones fewest,

Another way history can enter is in determining nto
which of a number of alternative equilibrium conhgura-
tions a system will settle down., This, however, probably has
little bearing, as the various equilibrium values of ¥/v are
likely to be roughly equal.
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HOW MANY SPECIES?

o far has been of contemporary patterns
of the most recent frame i the movie
The tossil record provides a rough
movie backward, of comparing the

The discussion
of species diversity.
of biological lustory.
means of running this

present with the past. | | |
Figure 7.1 shows the total fossil record of aquatic ani-

mals. in terms of the number of orders known lor each
reachly fossilizable phylum in each ol the mn:«'en‘tional
gmlngical epochs. These geological per?mds are md:czafted
sequentially, without being scaled to their H{?[l:lill dulrat{c-n,
For the first ten periods (Cambrian, Ordoviciat, Silurian,
Devontan, Carboniferous, Permian, Trassic, Jurassic,
Cretaceous, Tertiary) this s sensible enough, as each lasted

180
140}
30 ORDERS OF AQUATIC ANIMALS AQUATIL
120k IN THE FOSSIL RECORD HEPA“EES
MAMMAL § TELEOST

ok FISHES
100
S0
aol , NONTELEOST
or "FISHES"
&0 ECHINODERMAT &
sor MTHHGPDE}A
40k
3or MOLLUSCA
20~ ,/\

i { ——
ol— 'GRAP. | , \ . : . r:uELElMTEHnTIA |

Fioure 7.1, The record of readily fossilizable groups of aguaue
animals. Numbers of orders known within each named phylum
in each period are ploned cumulatively on the y-axis, The geo-
lugical pertods, indicated by their conventwonal ubbreviations
(see the text) are placed sequentially on the x-axis but are not
scaled to absolute ime. (Ater Simpson, 1969.)
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about 60 million years, adding up ta 600 millic
some epochs (e.g. Cambrian) wrc alilde lon
Triassic, Jurassic) a little shorter. The l1nal period, the
Quaternary, 1s a briet 1 million years, and he fing| Upswing
is therefore on a yuite distorted time scale. Indeed the up-
swing in the Quaternary in Figure 7.1 is due wholly to soft
bodied orders of bryozoans and coelenterates which are
likely to have arisen earlier, without lcaving a fossil signa-

cure: this upswing should be ignored. Raup (1972) has dis-
cussed tn detaill some of the biases w

n years;
ger, others (e.g.

hich creep into the
fossil record, espedially at lower taxonomic levels such as

specles or genera, he presses the view that even at the
level of species the Iincrease in marine diversity since the
Paleozoic (Cambrian through Permian) is more apparent
than real. These sampling difficulties are, however, largely
avotded by working at the higher taxonomic levels of
orders (Figures 7.1 and 7.2) or superfamilies (Figure 7.3).

The 1dea behind Figure 7.1 is that increase in the num-
ber of members i the higher taxonomic categories (here,
specifically, orders) should provide a rough indication of
increase in the ecological complexity and diversity of com-
munities. The evolution of new orders usually corresponds
to disinct adaptive types, which radiate into specific
niches at lower taxonomic levels. Although there are. of
course, many conmplications and qualihcatons, Simpson
(1969, p. 167) has written "1t 1s reasonable 1o believe that in
following the numbers of orders in the fossil record we
are mdeed following the approximute overall course ot
ecological complication and diverstfication even though in
a necessarily loose way.”

1t is seen that the number of orders rose rather steadilv
throughout the Cambrian into the Ordovician. Although
the relative contributions tfrom the various phvla change,

the total number of orders remains roughly constunt at
80100 {rom the Ordovician througlt the Silurian, Devo-
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boniferous to the Permian, The dip around

nian, and (ar ‘
d feature of the fossil

the Triassic 1s a well-establishe
tr reflects the extinctions and faunal turnover

record. '
which occurred in this epoch, and may be ascribed to
geological and climatic factors (e.g. uplift of continents,

withdrawal of seas, deteriorating climate}. The subsequent
recovery in the Cretaceous and Tertiary 1rnay then be 3
return to the ecological norm ot the earlier part of the
record. It must be remembered that, at all times in Figure
7.1, in most phyla major replacements of lower taxﬁmnﬂmic
groups is going on, but without notable changes in their
numbers.

Thus, after the inidal build-up in the Cambrian, the
subsequent 500 million years exhibits a remarkable steadi-
ness in the total number of orders of animals in the sea.
In Simpson's (1969, p. 168) words, “The Cretaceous-
Tertiary reiurn to approximately the Ordovician-Devonian
level is a sort of stabilization of ordinal numbers, suggesting
that there is an approximate number of orders of aquatic
animals that is ‘right’ in the sense of filling the usually

available ecological situations.”
Figure 7.2 is the analogue of Figure 7.1, this time for

land-dwelling and amphibious antmals,

8O-

70- ORDERS OF TERRESTRIAL
AND AMPHIBIOUS ANIMALS

0- MAMMALS
50 ~ //
40 - AMPHIBIANS AND HEPTILE/
30-
INSECTS
20~
v HUN'AQUﬂTICE .ﬁHTHEUFGDS EXCEPT INSECTS
0 3 D ¢ ® T J X T g

Ficure 7.2, The record of readily fossilizable groups of land-
dwelling and amphibious animals, The construction and conven-
tions as to x- and y-axes are as in Figure 7.1. (After Simpson, 1969.)
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We note that, whereas the seas were esser
ically “saturated” with orders by the |41¢ Ordovician. it w.
not untl the Silurian that land communities hegan l;, a:dR
These communttes developed more definitely i ‘[E}f
Devonian, and scem to have reached 4 sort of ;uslaine:l
platean ot numbers of orders (around 50 by the Permian
The rise in the multiplicity of mammalian ﬁ;'dl‘_".l'h afier r.hf_:
Cretaceous is In large part due to the fact that g number of
different orders came to play essentially the same ecolog-

itially ecolog-

ical role 1 separate continents: earlier ages contained

fewer physiographically distnet land areas. This point
has been documented in some detail by Kurten (1969).
Once the same broadly defined ecological niche is filled by
different orders in different continents, counting togal
numbers of orders gives an unreliable measure of the num-
ber of disunct terrestnal niches. This complication is less
of a feature In Igure 7.1 because the great majority of
aquatic orders are widespread, presumably since geo-
graphical barriers are less common in the oceans. Again it
is to be remembered that the Quarternary period is only
1 million years, and thus out of scale on Figure 7.2. The
marked Quaternary downturn m mammalian diversity
may be associated with the rise of man {(Martn, 1966:
Ho, 1967).

As menuoned earlier, many complications are hidden by
looking at groups at the taxonomic level of orders. 1f we
look at the insect phylum at the level of species, genera. or
even families, there are great changes with the spread of
flowering plants; but these changes do not show up sig-
nificantly in changing the number of orders in the phylum.
This may be deemed a virtue, rather than a vice. of look-
mg at things at this high a taxonomic level.

Viewed in broad qualitative terms, the preceding results
support the idea (hat undev given circumstances there 1S
an approximately fixed number ot species whuch hil an
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environment. Once fAlling has occurred, which ray take a
fong time (for example Cambrian-Ordovician fn.r'm;u'me
environments), the number ol taxa tends to stabibize over
long time scales. "Thus s not to den}-'i that essentially the
same ecological roles may be, and n fact usually are,
played by quite diflerent taxa n the mur51e of geological
time. 1 is the number of distinct “ways of life,” the number
of distinct niches, that is the roughly conserved quantity.

Examples of this phenomena abound in the phyla of
Figures 7.1 and 7.2, and have been documented by

Simpson (1953, 1965, 1964), Romer (1966}, and others. We
mention only two.

Figure 7.3 provides a schematic summary of the evolu-
tionary history of the ammonites, an exunct group of
mollusks occupying one broad adaptive zone, divided inio
a large number of narrow generic zones and particular
niches. Three times, at the end of the Devonian, the Per-
mian, and the Triassic, this order was greatly reduced in

SUPERFAMILIES CF AMMONDIDS

g

8 B - I 10 10
DEVONIAN CARBONIFEROUS FERMIAN TRIASSIC JURASSIL CRETACEQUS

FiGure 7.3. Known superfamilies of ammonoidae. Each super-
family is indirated by a horizontal line in the geological period
when it occurred (times of appearance or disappearance with-
in periods are not indicated), Vertical lines tie descendent super-
families (below) to their supposed ancestry {above), As betare, 1he
x-axis simply labels periods, and is not to scale. Notice the re-
markable constancy in the number of superfamilies. {After Smp-
son, 198649, following Moore, 1967.)
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PLEISTOCENE
EXCHANGE

BEFORE
40 — DURING AFTER

NORTH

10 I~ AMERICA

o SOUTHERN

20 NORTHERN

4,0 —
m -
SQUTH
20 — AMERICA
SOUTHERN
10 —
O | |

Ficure 7.4. Numbers of families of land mammals involved in
faunal interchange between Norvth and South America in the late-
teriiary/early-quaternary epoch: the families are classified ac-
cording to whether they were southern or northern before inter-
change. The y-axis indicates total numbers of families. The x-
axis is not scaled to absolute time, but indicates the sequence of
three phases: before (several million years ago), during (roughiv
one million years ago), and after the interchange. (After Simpson.

1969.)

variety (presumably by the chimatic and other environ-
merntal shocks which mark the interfaces between the
conventional geological epochs). Each time, a small num-
ber of taxa, either one or two as indicated in the Agure,
did survive, and in each case the survivors subsequently
diversified until approximately the same level of taxonomic
(hence probably of ecological) diversity was regained. Thus
the history of the order is characterized by a sequence ot
discontinuities, with a return to relative stabliity 1 terms
of ecological diversity after each such discontinuuy.
Finally, in the late Cretaceous, an otherwise sinilar dis-
continuity left no survivors; it may be conjectured that
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another order or orders subsequently filled these niches.
A different example, on a much shorter time scale, is
shown in Figure 7.4. At the beginning of the Quaternary
or Pleistocene period there was no land connection be-
tween North and South America, and there were no

families of terrestrial mammals in common between the

two conunents. Somctinie in the mid-Pleistocene the

present land connection was formed, and there ensued a
great faunal interchange between the two Cﬂnliﬂ?n[& Dur-
ing the interchange, the total number of families ¢can be
seen to have risen markedly in both continents, but sub-
sequent extinctions eventually caused the numbers of
families on both continents 1o drop back to approximaiely
the numerical level that existed before the faunal mixing,
in Simpson’s (1969, p. 174) words, “"This strongly suggests,
or at the very least is consistent with, the idea that each
continent was ecologically full of land mammals before
interchange and that the number of about 25 families in

North, about 30 in Socuth America represents ecological

saturation,”
Overall, if one looks at figures such as 7.1 to 7.4 in terms

of the biological details of the individual taxa, one sees
ceaseless change and flux. But if one looks at them as pro-
viding information about the number of broadly defined
niches, they give striking evidence of approximate con-
stancy over geological time spans.

This evidence as to the grand strategy of community
evolutton admits of many interpretations.

The extreme cynic may suggest that taxonomists are apt
to end up with the same constant, predetermined number
of taxa, no matter what data they work with.

Alternatively, it may be argued that there is no limit to
speciation and niche divisibility, no limit to the number of
taxonomcally distinct groups in a given environment, but
that global environmental discontinuities on a geological
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rime scale keep interrupling this process of ev
finer differentiation, thus creating the ilugion
in the number of taxa. This view cannot he alto

ruled out, although 1t does require Bether

SUCh Macroscon:
- et o PIC gen.
graphic and chhmatic changes to occur at roughly uniffr
T

ntervals, and with a time scale short compared 1o thyy f

adaptive evolutionary processes, or
While conceding that such ideas

n the total story, I favor the view

€r finer and
nf{':r_mg[an['}r.

may play minor parts

. that the apparent con.
stancy evidenced by the data mirrors a real constancy The

gist of this opinion has been wel] put by Darlington (1957):

“Throughout the recorded history of vertebrages, when-

ever the record is good enough, the world as a whole and

each main part of it has been inhabited by a vertebrate

fauna which has been reasonably constantin size and adap-

tive structure. Neither the world nor any main part of it has

been overfull of anmmals in one epoch and empty in the
next, and no great ecological roles have been long unfilled.
There have always been (except perhaps for verv short
periods of time) herbivores and carnivores, large an‘d small
forms, and a variety of different minor adaptations, all in
reasonable proportion to each other. Existing faunas show
the same balance, Every continent has a fauna reasonably
proportionate to its area and climate, and each main fauna
has a reasonable proportion of herbivores, carnivores.
etc. This cannot be due to chance” (p. 533). “"Something
holds the size and composition of faunas in all parts of
the world and at all umes within certain limits, in spite of
continual changes and successions in separate phylogenetic
groups” (p. 620).

If this arguinent is accepted, the job of estimating
roughly how many broadly defined niches a given environ-
ment will have —and thus of crudely esimatng the ordinal
numbers on the y-axis in Figures 7.1 to 7.4--becomes a
fascinating task for the population biology of the tuture.
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Of course, this 18 mere speculation, and brash specula-
at that. Moreover, even if such a task be fulhlled, the
legitimate intercest of most biologists will still be the dit-
ferences between ecosystems, the splendid and variegated
details that make each natural community unique, rather
than colorless order-of-magnitude generahues as to the
number of constituent species. In a like fashion, for most
people the interesting thing about rocks is the way differ-
ences in crystal structure, mode of deposition, and geo-
logical history give nise to a kaleidoscopic variety of forms;
but it is also nice to understand why all rocks have roughly
(to within a factor of ten) the same density, and to be able
to provide a theoretical estimate of that cdensity.,

Provided that enough time for ecological “saturation”
has elapsed (the factor (i1i) of p. 175), the task of estimat-
ing the number of species or other taxonomic groups in a
given environment comes down to estimating the F/v of
equation (7.1). At the present stage of knowledge, very
little can sensibly be said about estimating either the total
niche volume, I, or the eflective individual niche volume,
v. The current explorations as to the principles underlying
trophic web structures, and partcularly the work on the
limits to niche overlap and similarity, are a few among
many initial elements required in this hubristic view to the

L1on
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This 1s the Cybernetics and Stuff
That covered Chaotic Confusion and BluH
That hung on the Turn of a Plausible Phrase
And Thickened the Erudite Verbal Haze
Cloaking Constant K
That saved the Summary
Based on the Mummery
Hiding the Flaw
That lay in the theory Jack built.

krom The Space Child’s Mother Guogpse,

Winsor and Parry, 1958
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For the benefit of certain classes of reader, this appendix
puts some flesh on the bare bones of the formalism in
Chapter 2. We illustrate how the community matrix is
constructed, and how the neighborhood stability properties
are found from it, for two particular examples. These are
(i) the familiar Lotka-Volterra one-predator-one-prey
model, and (i) the more complicated predator-prey system

of equation (4.5).
For more thorough exposition of these general ideas,

see for example Maynard Smith (1968), Rosen (1970}, or
Barnett and Storey (1970).

Example (). The Lotka-Volterra equations (3.1) are one
particular case of the general formal equations (2.8) of
Chapter 2. Writing the prey population as N, and the
predator population as N,, these Lotka-Volierra equations

correspond to equations (2.8) with m = 2 and
Fi(N,, Ny) = N,[a — aN,] (A.la)
Fo(N,, Nuo) = NJ—b + BN,]. (A.1b)

The equilibrium populations N¥ and N¥ are the non-
zero solutions obtained by putting F, = F, =0 (that is,
equation (2.9)), which cleariy gives o

N* = b/8: NI = a/a. (A.2)

The elements «; of the community matrix can now be
calculated from the prescription (2.13). We begin by work-
ing out all the partial derivatives dF;/oN;:

aleaNi =i — l‘.TNE
aF“‘fﬂNE — _{11\,}]

1338



ATPENDICES
fjf‘qzj’fpih}rl — Bj\r'z
IF,JiN, = —b + BN,

Fvaluated at the equilibrium point, equation (

parti.'-:ll derivatives give ), these

710= 0, s = ~ab/,
an = Befe, g = 0, (A.3)

giving the community matrix (3.2),
The Eigenvalues of the matrix follow from the determi-
nantal equation (2.17), which here takes the {orm

—A —ahf
det B =),
Baloe —A
That 1s
AT+ ab =10, (A.4)

Thus the eigenvalues are the pair of purely imaginary
numbers iw, where tor notational convenience we intro-
duce @ = Vabh.

The perturbations to prey and predator populations are
linear combinations of the factors exp (A1) and exp (A1),
with coefhcients depending on the initial disturbance (cf.
equation (2.14)). Here this means we have linear combina-
tions of the purely oscillatory factors ¢ and ¢, which is
to say linear combinations of cos (w¢) and sin (wf). That is,
the stability 1s neutral, with perturbations leading to un-
damped pure oscillations, of frequency w or period 27/w.

For this Lotka-Volterra model, a Lyapunov function
(see p. 15) can be constructed, so that this neighbor-
hood analysis validly describes the global stability character.

Example (#). A similar, but more elaborate. exaruple 1s
provided by the one-predator-one-prey systemn of equauon
(4.5). Again writing the prey and predator populatons as
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N, and N, respectively, we have a particular realization of

the formal equations (2.8) with m = 2 and

. s . . N, (AfrIN
}'1(5\"'1, 1'1\'2) = rh'l []. - K _1\!1 + D (A.5ﬂ)
FolNp, Na) = 8\ [1 - N/ (y Nl (A.5b)

T’

The equilibrium populations N¥and A
from equation (2.9), £, = F,=0:

¥ are obtained

Nt = yNY (A.6)
Nt (N
K NT+D (A7)
It is convenient to define the two quantities
a = kylr {A.8)
B = DIK. (A.9)

The solution of the quadratic equation (A.7) for N¥ may
then be written

N¥ =D(1 —a— B8+ R)/(28), (A.10)
with the definition
RE[(_I—&—B)2+4;3]"2. (A.11)

Thus having determined the possible equilibrium popula-

tions, we proceed to the neighbnrhuad stability analysis.
To construct the community matrix, we evaluate all the

partial derivatives (AF/aN;)* at the point N, N¥. This gives

nnz(dF‘) = rN¥ [_1+ (hir)N1 ]

EE""TI E (hh{: + D)‘E
Qo = (HF‘ *_ ENT
27 \aN,)  N¥+D

(aﬁg)* S(NEY
Ny T yWNEE Y
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The determinantal equation (2,
reduces to the quadratic equation

I7) for the Cigenvalues Y

A+ ak + b=, A1)

with

a = —(ay; + a,)
b=aa — (l)oll).

The necessary and sufhicient condition for the system to
pOSSESS neighborhood stability is that both elgenvalues A
have negative real parts. This (see Appendix 1I) requires
both the coefthcients ¢ and & in (A.12) 10 be positive. The
condition b > 0 1s automatically fulfilled:

b= oAt [+ 1 aNT n 44 o
= TV K (Nf+Dy2 (N* +D)] 0.

The other condition, ¢ > 0, clearly requires

1 aNF
s — rN¥ I:_E_l_ (V= _*_D).:] > 0.

After some algebraic manipulation, using equation (A.10)
for N¥ along with the dehnitions (A.8), (A.9) and (A.11)
this can be written as the stability criterion

2 —R)
l+a+8+R

- > (A.13)
r
In particular, for given a the largest value the right-hand
side can atfain is e if e > 1or (2a — Db < 1 (this bt
being attained as 8 — ). Values of s/r wm excess of these
limits consequently always imply stability; notice that
a << Y2 15 stable for all s/r.

The stability condition (A.13) may, or my not, be saus-
fied, depending on the values of the relevant parameters
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Unstoble

Q S 10 I 20 25
K7D

Ficure A.J, This figure illustrates the stability mnrditiun (ALY
terms of the parameter ratios ris and KD (=1/8), for the predator-
prey system defined b}' equa[iﬁn (4.5). h.] [}?E tlnhﬂ[{‘:hfd region of
this parameter space, the equilibrium peand i shible: m the J_mu;h::d
region, it is unstable. (The figure is lor &y/r = |, hut tluulufnwely
similar mability boundaries pertain to other values of this ratio.)

a, B and r/s. Although the above was 4 ncighborhood sta-
bility analysis, the nonlinear considerations of Chapter 4
show that for this particular model there is either an
equilibrium point which is globally stable, or else a stable
limit cycle. The criterion (A.13) therefore divides the re-
gion where the predator-prey equations (4.5) have a stable
equilibrium point from the region where they exhibit stable
limit cycle behavior,

In Figure A.] we fix a to be unity, and show what the
stability criterion (A.13) implies about the parameters
r{s and A/D. Similar stability boundaries could be shown for
other values of a > V2. The figure bears out the general
remarks made in Chapter 4, namely that there is a stable
equilibrium point provided either one of K/D or r/s is not
too large. However if both K/D and r/s are largish (corre-
sponding o relatively weak prey self-limitation, and a prey
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intrinsic growth rate significantly in excess

one), the equilibrium point is not stable and
havior ensues.

t the predator
limit cycle be.

APPENDIX I1

This appendix is a compendium of generally useful
results relaung to the eigenvalues of various matrices
Some of the results are familiar to most people and aré
presented without proofs (which are 1o be found in any
matrix algebra text). Other results, for example the
eigenvalues of the classes of matrices catalogue

subheading (v) below, are less well known, and
are sketched,

d under the
their proofs

(1) Symmelric and Antisymmetric Matrices

The eigenvalues of a symmetric matrix are all real
numbers.

The eigenvalues of an antisymmetric mauwrix are all
purely imagtnary numbers, and occur as conjugate pairs,
+iw and —tw. As a corollary it follows that an antisymmetric
matrix of odd order necessarily has one eigenvalue equal
to zero; anusymmetric matrices of odd order are singular.
This causes dhilliculties in antisymmetric Lotka-Volterra
models with an odd number of species, as mentioned 1n
Chapter 3,

In essence, the proofs consist of showing that for a sym-
metric matrix the eigenvalues are equal to their complex
conjugates (A* = A); for an antisymmetric matrix, A* = —A.

(1) UT'AU Versus A
Let U be any nonsingular m X m mauwix, and {7 its
inverse. Then if A 1s any m X m malrix, the eigenmlues of

the matrix U7'4U are identical with those of 1.
Proof: The eigenvalues A of U~'AU are given by
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0 = det (L' AL — A
= det (U7")A — N

The determinant of a product is the product of the de-

terminants, whence
0 =det |4 — Al

Thus the eigenvalues A are identically those of the matrjx

A,
This result was of direct use in Chapter 5 {tollowing

equation (5.31)). Some corollaries are also worth noting,

Corollary 1. Suppose I"15 a nnnsingular m X m symmetric
matrix. and 4 a m X m symmetric [antisymmetric] matrix.
In general the matrix 4 is not symmetric [antisymmetric].
However it remains true that the eigenvalues of }A are
all real [all purely imaginary].

Proof: Consider a symmetric matrix #77, whose square
is 17, and whose inverse 15 V7', Then we know that
(VAW = P-41PY? has the same eigenvalues as
'A, But if A is symmetric [antisymmetric], so is 24V,
Consequently the eigenvalues of I’4 are real {imaginary].

This result was used in Chapter 3. where V was the

diagonal matrix of the population values: (1}; = N6y

Corollary 1. Levins (1968a. pp. 50, 64) detines p, to be
the proportion of resource (or habitat, etc.) in category 4,
among the resources used by species /. From these we may
construct quantities

Py = z Pinfsn.
i}
Levins defines the competition matrix to have elements
aiff) = P;/P;; essentially this is to say aj; ~ P;;, with a
normaliziation constant Py, On the other hand, our defini-
ton {(equation {6.5)) of the competition coeflicients in
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Chapter 6 corresponds to the definition wiblly = p,g
12 yereal - i = § .
(P:iP3;]' 7 agam ay ~ Py, but the normalization is now surjh
as to make the a matrix manifestly symmetric |

If we define D 1o be the diagonal matrix whise el

DL ements
— 12 .

are (D); = [Pi]7'8;;, we see that our o matrix is related 1o

Levins' by

a(l) = D'a(1)D, (A.14)

and therefore they have the same eigenvalues. Thus, 4]
though the different choices of normahzation for the ele.
ments of the competition matrix can undoubted]y be con-

fusing, the essential matrix properties—the eigenvalues —
are the same in all vanations.

(1) Necessary Conditions for Stability

In Chapter 2 we saw that the necessary and sufficient
conditions for neighborhood stability of a system were that
all the eigenvalues of some matrix { lie in the left-hand
half of the complex plane.

Quite generally, for a m X m matrix 4 with elements
a;; the sum, and the product, of the eigenvalues are:

in
sum of eigenvalues = 2 a; = Trace 4, (A.13]

i=1
product of eigenvalues = det }.4). (A.16)

Thus one necessary (but not sufhicient) condition which
must be satushed if all the eigenvalues are to have negative

real parts 1s _
Trace A4 < 0. (A.17)

[n the special case of Trace 4 = 0. either at least one
eigenvalue must lie in the right halt plane (unstable svs-
tem), or all eigenvalues must be puvely imaginary (the
pathological case of neutral stability). Another such neces-
sary, but not sufficient, condition can be seen to be

(—1)" det 4] > 0. (A 1R)
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(iv) Routh-Hurwitz Statality Criterion

If 4 is a m X m matrix, the equation (2.17) for the eigen-
values A comes down to an mth order polynomial equation

?ﬁ.j” + -”'[l)'t"'_I + ”Eh"'-ﬂ + =t + ﬂ'?ﬂ = U'- (A- 19)

A formal general expression (the Routh-Hurwitz eriterion)

can now be written down, giving constraints on the coefh-
" a,, which are necessary and suthcient to

cients a,, Q. . - -
ensure all eigenvalues lie in the left half complex plane.

Rather than explain this abstract expression, which no
one in their right mind is going to use on m = 5 anyway,
we catalogue the explictt Routh-Hurwitz stability condi-

tions for m = 2, 3, 4, and 5.

m=2 a, > 0; a, > 0. (A.20)
m=3 a, > 0, a; > 0; a0, > a,. (A.21)
m= 4 a;, > 0;a; >0, a, ®0;

@ ol > a5 + ajay, (A.22)
m=235 a; > 0[i=1, 2,3, 4, 5J;

a,dqy = az + ajay;
(@,a4 — as)(a,0qau3 — a3 — ajay) > asl@a, — ag)” + a5, (A.23)
(v) Eigenvalues of Some Special Matrices

Case 1. The m X m matrix with diagonal elements 1, and
all other elements «,

| o « o
¢ 1 «

A=la a 1 - - (A.24)
@ - - 1
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is well known to have eigenvalyes {e.g. Leving 19682
Ch. 3) |

A=1—a[with multiplicity (m — 1]
A =1+ (m— Da [once]. A

Case If. The m X m matrix with dia

superdiagonal and subdiagonal elemen
elements zero,

gonal elements I
3 &, and all other

Il a 0 0 - 0

a | o 0
0 o 1 « :
4= (A.26)
0 0 «a 1 - .
0 - - -

was studied by Laplace. Dehning the mth order deter.

minant D(m) = det {A(m) — A]|, the eigenvalues can be
found from the recursion relation

D(n) = (1 —~ N)D(n — 1) — o*D{m — 2).

The solution of this difference equation can be written

sin (m + 1)8

D(m) = o™ sin 8

(A.27)

with the definition cos 8 = (1 — A)/(2a). It follows that the
etgenvalues A, [k=1,2,..., m] are

whk |
-1 — _ A.28)
Ap=1—2xcos (m = 1) {

Case 111, Parucularly interesting 1s the genenjal class of
m X m matrices whose rows are cvclic permutanons of the
hrst une
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Cq £y o Cy = CIm—y
Cp—-1 To €1 {2
€ C
A _ Cm—2 Cm—1 [+ ] {AQQ)
gz Cm—-2 Cm-1 Fto
€ Co
The eigenvalues A, [A=0,1,...,m— 1] are given by
the expresstons
= 211-.;
A= D ¢ €Xp [-‘; kﬁ’]. (A.30)
£=0
Proof (Berlin and Kac, 1952): Let A be the matrix
] 1 1 ]
'y Fy to
A=}r; ri T3
A ot

where the m quanuties r; = exp [(2mi/m)k] are the mth

roots of unity. By using the cyclic properties ot the matnx
A. and the relation " =1, the elements of the matrix 4A

can be seen to be
ni— | p _
(AA}; = [2 f—z’rj—l] ”j:;-
£ =)

That s, with the above defimition (A.30) for A,
(Aﬁ)ij = Ay (D).

And, since the matrix A is nonsingular, these A are mani-
festly the eigenvalues of 4. Berlin and Kac also construct
the eigenvectors, but we will not pursue this.
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If the matrix . is symmetric, s that ¢, =,

. . P

1. 2,...), it is easily seen from (A.30) that
occur in pairs Ay = A, (. with the exceptic
A if m 18 even). The expression (A.30) ¢

m—i (1=
the elgenvalyes

n of A (and of
educes tn

m—1
Ne=Y ¢, cos (QWM). (A.31)

If we put ¢o= 1, and all other ¢, =g, we recover the
familiar result (A .25) for the matrix (A.24).

If, further. the matrix elements steadily decrease as one
moves away from the diagonal, ¢y > ¢, > ¢, > Ci.... a8
is the case in many interesting contexts, the minimum
eigenvalue can be seen in the limit m ® 1 to be

Amin = o = 261 + 2c5 — Qe+« - - {A.39)

The maximum eigenvalue is A,

Amax = €+ 200+ 26, + 204+ -+ - (A.33)

In this case, two limits are worth noting. If the diagonal
elements are much larger than any others, the eigenvalues
are all essentially equal, of value ¢g; it all the elements
are nearly equal, there is one dominant eigenvalue of
value approximately mc,, and the remaining (m — 1)
eigenvalues cluster around zero, often in an essenually
singular manner.

To use these results on our competition matrices, we mav
for large m pretend the resource spectrum is cyclic (so that
the species labeled 0 adjoins that labeled m — 1), where-
upon matrices such as (6.15) are slightly modified to be-
come members of the above class. In this way eguanon
(A.32) leads to the specific result {6.17) for the mainx
(6.15), and to the general result (6.22) tor the general
matrix (6.5) (May, 1972¢). For large matrices, m > 1. the
artifice is justified by the fact that “end effects” at the exX-
tremes of the resource spectrum are relatively umm-
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portant. That this trick ui"impnsing; artificial cyleic bDL‘lnd'-
ary conditions does not aftect the eigenvalues fi:]l: m!? .1 is
a point made clear in the hterature on the [)h}'?lmsts Ising
model, where the trick is applied to lincar chains or plane
lattices in exactly the same sense as here in Chapter 6. Fora

more thorough discussion of the asymptotic validity of the
procedure, see for example Newell and Montroll (1953)

or Green and Hurst (1964). Further to substantiate this
pﬂin]_' consider the m X m matrix (Agg) with Lo &= l, €, =
ey = a, and all other ¢; = 0., This 1s just the matrix (A.26),

with the addition of an extra element « in both the upper
right-hand corner, and the lower left-hand corner (1.e. with
cyclic boundary conditions imposed). From (A.31) the

eigenvalues of this matrix are

A, = 1 + 2« cos {(27k/im),

with k=0, 1,..., m—1, or equivalenty (writing j=
2k — )

A;j=1—2a cos (E) (A.34)
where j runs over the even integers up to 2m if m is even,
and over the odd integers to 2m — 1 if m is odd. Comparing
with the eigenvalues {A.28) of the matrix (A.26), we see the
eigenvalue distributions of the two matrices are signifi-
cantly different for small m, but for large 1 the expressions
(A.28) and (A.34) are effectively identical, and the easily
obtained result (A.34) serves as a good approximation for
the eigenvalues of the matrix (A.26)

APPENDIX III

This appendix proves the assertions made in Chapter 2,
and illustrated by Figure 2.3, as to the relation between the
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stability critcria for h”mﬂh}ﬂ;ﬂllﬂ
diffcrence equations, [ analysis g; be of wig
uscfulness in indicating how the dic... . e
equation models throughoy the
taken over and applied ¢, difference equa
biological systems with discrete growth
For the m-species commypit
system ot difference cquations (
ulations are given by equation {2.9),
of this equilibrium point with respect
we as before write the perturbeq Populations 35 Nl =
NF +x{t) (equation (2.10)). and thep obtain inearizeqd
equations for the initially small Perturbations () by
Taylor-expanding equations (2.25) aroy ‘
point:

ook May in Principle he

“”n m”fJEIS in

10 smali dis;y, rbunces,

nd the equilibriym

n

.Tf(f + T) — Ii“) =T 2 ﬂuxj“). {ASE‘]

Hcere the coeflicients a;; are defined by precisely the same
recipe (2.13) as for the corresponding differentiy) equa-
tions (2.8). Equation (A.85) may alternalively be expressed
in matrix form (the analogue of equatton (2.12)) as

x(t+ 1) = Bx(s). (A.36)
Clearly the elements b, of the 1 X s, matrix B are

bij = Tﬂu + SU;
that 1s

B=:1+1. (A.37)

In analogy with equation (2.14), for the set of linear dif-
terence equations (A.35) the solutions may be written

m

() = z Cil )™ {A.38)

1=1
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The constants ¢; are determined by the imitial conditions,
and the tme dependence 1s contained solely in the m
factors w'. The quantities w; are determined by sub-
stituting (A.38) into (A.36), noting that in effect x(t + 7) =

wx(f):
ux(f) = Bx{t).

Thence u follows from the determinantal equation
det |B — ul|=0. (A.39)
From equanon (A.38) it is plain that a necessary and

sufficient condition for initially small perturbations to die
awav in time is that all the quanutes p (which may be

complex numbers) have magnitudes less then unity,
il < L. (A.40)

This stability condition on the eigenvalues of the matrix
B is, for the system of difference equanons (2.25), precisely
analogous to the conditon (2.19), Real (A) < 0, on the
eigenvalues A of the matrix A for the system of differential

equations (2.8].
There is moreover a simple relationship between the

eigenvalues p of B, and the eigenvalues A of 4. Using the
identity (A.37), equation (A.39) becomes

det |74 — (. — Di| = 0.
Comparnison with equation (2.17) shows that

=1+ 1A (A.4])

The stability criterion (A.40) for the system with discrete
generations thus reads

A+ (/7)< (1/7). (A.42)

This stability condition is as illustrated in Figure 2.3. As
discussed in Chapter 2, it is to be contrasted with the less
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stringent criterion illustrated by Figure 9 | o o
: : ) dfor the ¢
respmuhng system of differential equations € Cor.

APPENDIX v

In this appendix we take up some technical poing
sociated with stochastic differential equations andh N
definition of white noise. The Coverage ’
is intended only to guide the interesed
vant mathematical literature,

Definitions of continuous time whjie noise are to be
found in Astrom (1970, pp. 30-33), Saaty (1967, Ch. 8
or Bartlett (1966, p. 243). Mathematically this noise ﬂ‘]ec:
trum is best regarded as the derivative of Brownian motion
(z(1)), ydt = dz, so that

| the
IS very Sl(E[{:hy and
reader to the rele.

mean, {y())} =10
correlation, {y()y(t)) = o*8(t — ¢') (A4}

with 8 the usual Dirac delta-function. As discussed iq
Chapter 5, the correlanon time for the fluctuations in any
real system 1s finite; this point is covered in Astrom (1970,
pp. 32-33), and with the addition of experimental tests of
the vahdity of the mathematical theory by Morton and
Corrsin (1969). In computer simulations, the continuous-
time differential equations are replaced by a finite-differ-
ence approximation: y(f) is then t be interpreted as a
gaussian noise spectrum, having no correlation trom one
time step to the next, and a vanance o*/(As), where At 1s
the finite-difference ume step {(e.g.. Morton and Corrsin,
equation (4)). Such an approximation will be warranted if
the time step Af is small enough, which can be checked by
verifying that one’s results are unalteved when M is. for
example, halved,
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The passage from a stochastic diﬂ'er?mial equation,
Incorporatng white noise randﬂn.] ‘Hun‘uat‘mus‘. to an Eq,_la-
rion for the concomitant probability distribution function
has been treated by many people, with a variety of levels of
sophistication. One simple and [ucid account is by K-.ll"l’lll ra
and Ohta (1971, Appendix ). More detailed discussions of

the Fokker-Planck equations (5.2) and (5.7), and of their
associated “friction” and “diffusion” coefhicients, are in
Astrom (1970, Chs. 3-7 and 3-8, complete with an ex-
cellent historical bibliography), Saaty (1967, Ch. 8), or

Bartlett (1966, Ch. 3.5).
An important caulion must be kept in mind. One must

be circumspect about applving the rules of ordinary cal-
culus to stochastic differential equations, as some recondite
points are invoived. For example, there are subtle differ.
ences in the formulae for the Fokker-Planck “baction” term
depending on whether one first lets the correlation time
for the fluctuations be zero and then takes the continuous-
time limit, or whether one first takes continuous time and
then lets the noise correlation time vanish. The consequent
two different stochastic calculi are associated with the
names of Ito and Stratonovich, respectively. The work in
this book follows the usage of Ito, which is clearly ap-
propriate to the way numerical computations are usually
carried out (as for example in Figure 5.5), or to the case
when continuous-time is used as an approximation to dis-
crete growth steps. A good general account of the re-
spective ground rules for these two stochastic calculi is to
be found in the special review by Mortensen (1969); a
more brief discussion is in Saaty (1967, Ch. 8.4).

In the approximate results discussed in Chapter 5 and
Appendix V below, and forming the basis for most of
Chapter 6, these complications fortunately do not arise.
In this approximation, based on the assumption of rela-
tively small fluctuations, both Ito’s and Stratonovich’s ap-
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proaches lead to the same result, He,w
subtlcties of stochastic calculus hag
errors in the ecological literature,

EVET, neglect of (.
0N occasion lead 1q

APPENDIX v

This appendix indicates some methods of solvin
time-independent Fokker-Planck €quation, to obtajn
equilibrium probability distributions, f* We Rrst treat
one-dimensional (single species) equanons exactly, and
then in the multidimensional case we discuss a widely use-
ful approximation.

g the

() One-dimensional Equilibrium Distribution

For a single-species population, the equilibrium prob-
ability distribution function f*(n), if it exists, is given by
the time-independent limit of equation (5.2)

1 o2
0 — a‘l (M) + 5 (Fmfe(). (Add)

Here the coeflicients M(») and V(n) are obtained from the
stochastic differenual equation (5.1) by the prescriptions
(5.3) and (5.4). This equation can be integrated to give
(see, e.g.. Wright, 1938 or Bartett, 1966, Ch. 4.3)

C M’y i
f¥0) = 0 exp [2 f oy Wl @A)

C 15 just the appropriate normalization constant. lf the
function (A.45) is not well behaved, it mav in general be
inferred that there i1s no equilibrium distributiun.ﬁ

The distribution (5.12) ot Chapter 3 tollows trom Fhe
general result. In this instance we have qfimn equation
(5.10) that M) = n(k, — n) and I'(n) .:.LT-”-_' :u“td (‘.*\.45‘)
leads directly to (5.12). This probability discribution 1s
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integrable only if the limiting behavior »® 10 the neighbor-
hood of the origin has o > —I1; that 1, the equilibrium
probability distribution only exists tf the restriction (5.13)

18 obeved.
Notice that in Fokker-Planck equations such as (A.44)

the populaton variable n is taken 10 be conunuous. Then
the probability 10 tind » within some infimtesimal interval
¢ of the origin can tend 1o zern as € = 0, and a well-de-
fined stationary probability distribution c¢an exist, In
nature, animals come quantized in integer values, and the
probability to have exacly zero ammmals (exunciion) is
estimated by the integral over f*(¢#) from n =0 to n =1,
This will be some hnite number, however small. The conse-
quent ‘probability leakage™ or “absorbing barrier” at
n =0 means that in the long run there may be no station-
ary distribution. But if this extinction probability 18 very
small, as it usually will be 1f the average population 1s very
large, such complications will be irrelevant on any bio-
logically reasonable time scale, and our discussion of the
equilibrium probability distribution is sensible, (By way of
tllustration. in our example of the stochastc logistic equa-
tion (5.10), if k, = 1.000 and o%/k, = 0.2, the probability to
hnd less than one animal is around 107*')

(i) Approximate Multidonensional
Equilibraum Distribution

Much of the discussion in Chapter 5 drew upon an ap-
proximate solution for the equilibrium probability distri-
bution which applies when the fluctuations are not too
severe, that is when the probability cloud is relatively
compact,

Allowing for random fluctuations in the parameters of
the model, the stochastic generalization of the system (2.8)
may be written
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dN (1) (N
— = ANY(D, ... N 1k} (A.46)
where each of the set of interaction par: |
where ¢ Parameters { x(f)} has
KAL) = w§ + (D). (A4

Here ¢ is the constant average value of the paramete d
) , . . _ T.d4n

y(1) is white noise, with the covariance between the it d
dn

jth environmental fluctuation being measured by som
o3 Mean populations N¥f may be defined as the sr;lutiuni
of the uime-independent equations (2.9), using the mean
values {x7} fﬂrlthe Interaction parameters. The actual
fuctuating populations may be expand

stant mf:ai values as in C}Tapter f?}: \,{Ezjdjbf;t-l-t:‘e(i? ?}TE
quantities x; measure the population ﬂuc[uatiun's,; -Elllf:r-
natively the relative fluctuations mav be expressed by
xil) = x{)/N¥. For relatively small environmental ﬂucma;-
tions, o; relatively small, the equations (A.46) mav be
Taylor-expanded about this mean point. keeping onls
terms of first order in x; and in the parameter Auctuations
y;.. This leads to the linear stochastic differennal equations

(i i(t " e r
}:it - Y V) a0 + ) saysdd). (AAB)
J=1 k

Here the a;; are calculated exactly as for the determinisuc
problem, namely from equation (2.13), using the average
populations and average interaction parameters. In this
sense, this (average) comnumity matrix 1s just the (deter-
ministic) community matrix of Chapter 2. The overall co-
efficients a,; = (N¥)~laNF form the matrix 4 whose dehni-
tion and properties are discussed in the main ext {equanon
(5.31) et seq.). In a similar way, the constant coethoents
i, involve the average populations and parameters,

The approximate differential equation (A48, with 1ts
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white noise stochasticity, leads via the recipes (5.7) with
(5.8) and (5.9) to a Fokker-Planck equation for the I_r”“'“i'
variate probability dis[rihufinn function, The ﬂ}-:l‘pl-*ﬂ}{ln?ﬂ[e
equilibrium distribution ¥y, Vs ..., Ff")‘ i it exists,
gives the probability to observe the relatw:e ﬂuctuatmn.s
having the values x{/) = ¥; (in accordance with the defini-

tions (5.16), (5.24), and (5.28)). It i1s determined by the

equation

d a1 *(f*)
= —§ an (@gv; f*) + g :Z.r D EE (A.49)

Here D, formally represents the overall covariance be-
tween the white noise fuctuations in the stochastic differ-

ential equation for the /th population and that for the jth,
As may be seen by direct substitutton, the solution of

equation {A.49) is the multivanate gaussian distribution of
equation (5.29), namely

FH0va v =Cexp | S uBay | (5,29

where the elements of the symmetric covariance matrix,
B;;, must obey the equations

2 (Bi'dy; + diBif) = 2 E Biw'DieBy].
k Rt

This immediately gives the Lyapunov matrix equation
(5.30) relating B, A4, and D. The properties of the approxi-
mate distribution function (5.29) are as discussed in

Chapter 5.
Barnett and Storey (1970, Ch. 6) and Astrom (1970,

Ch. 3-6) contain somewhat different and constderably

more elaborate expositions along the above lines.
So far the discussion has been couched in general terms,

as pertains to the general multispecies models in Chap-
ter 5 (pp. 130-133). It may help to set out a specific
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Or, remembering the notation of equation

kof (1 + ),
_ 1 «
A = —N* _

The white noise covariance matrix D in this example is

particularly simple, as we assumed no correlation between
the noise spectra y (¢} and vy.(f):

a-
D= .

Since A4 1s symmetric, the Lyapunov matrix equauon (5.30)
reduces to

{5-21), 1\‘”‘ —

B™'=D"4

The matrix D is trivially inserted here, leading to the final

result
I )

3
TV 1

Whence the specific result (5.25) follows from the general
expression (5.29). Even more easily we could derive the

209



APPENDICES

approximate result (5.17) for the single-species stochastic

sysiem (5.10).
To reiterate. this approximation is valid if the prob-

ability cloud 1s riot too diffuse. As such, it contributes useful

results to Chapters 5 and b6, particularly the rough sta-
bility criterion illustrated by Figure 5.2. Once the fluctua-

tions in the population numbers become very severe, the

approximation 1s inappropriate.
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